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_ The particle does not retura to the point from which it started but
- experiences a drift in the direction perpendicular to the gradient
" of the field, v, B . The motion is quite similar to the F x B drift
' except that the trajectory in this case is not truly cycloidal—the
guiding center '"'wobbles’ atout a straight line perpendicularto v, B
(Reference 4). The calculated drift velocities are oniy approximate.
Their accuracy becomes poc-er as the scale of the fie!? variation ap-
proaches the gyro.-radius. The gradient-B drift velocity to first order
in 7, B (References 4 anc 22) 1s

v = . *’42 VLB’;B i (3-36)
g 2¥ n @« B

C

The g-adient-B drift and curvature drift velocities may be combined
in on: expression:

(3-37)
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The total drift velocity of i2quation 3-37 often is cailed the gradient-B
drift velocity. For simplicity, it will be thus designated throughout
the remainder of this volume.

p;

. . 3 . _
In the geomagnetic field that decreases with 1/r”, the drift veloc'ty
1s proportional approximately to L® . The drift velocity in the azi-
muthal direction at any latitude, X , 1s

/d 2 o2 5
- P L ( 5 : .
g ymqR_o B (1 +3 sin“X)

At the equator where sin A = 0, the latitude-dependent part of Equation
3-38 equals 1, and the drift velocity (eastward) for ¢lectrons becomes
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v v
+ 2
V (km/sec) = 14.7¢ p2 + sz Loase|—=+2— [yt .
g L % 2 2 .
c c
(3-38b)
The corresponding drift velocity (westward) for protons is
2 2 2
-3(2 2\ L v M 2
V (km/sec) = -8.04 X 10 3<p + 2pl>-— -7080l —= +2—JyL
g 1 LV 4 2 2
c <
(3-39a)
which in the nonrelativistic limit is
LZ
V (km/sec) ~ -15.1(T + 2T,)— . (3-39b)
g 4 Y

Mnmenturn here is in MeV /¢ units and energy in MeV. For rela-
tivist.~ electrons, the magnitudes of the energy '"components' may
be used ‘n place of the momentum. In Equations 3-39%a and 3-39b,
a positive velocity resuits when the drift motion is toward the east.

Electrons generally drift toward the east and positively charged R :
particles drift toward the west, ' ;‘.4;;:
Y

The gradient-B drift current induces a magnetic field that, inside
a region enclosed by the path of the guiding center, opposes the main
field of the earth. [he drift current may be thought of as a diamag-
netic current (Section 3.3.2; References |1 and 20).

Jhe gradient-B drift is much faster than the gravitational drift
for electrons and fast protons. The mean of (\'12/2 + v¢) for iso-
tropically distributed thermal particles is 3 kT/m . ki1s Boltzmann's
constant 1.38 x 10-16 cgs, and T is the temperature (Reference 2).
The mean drilt velocity of thermal particles at the equator due to the
nonhomogeneity of the field is

- 2
Vg (km/sec) =2 4 x10 ? TL . (3-40)

A rnean temperature of about 2,000°K avpears to be a fair assumption
for toth electrons and 1ons in the trapped radiatiun belts (References
23 through 27). The Zin1t velocity of thermal particles then is

\’g (ke ooy = 8 x 1C~6 Lz , (3-41)
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which is comparable with the gravitational drift velocity of protons
{Equation 3-32).
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3.3.2 Magnetic Reflection

Generally, a noanhomogeneous magnetic field has regions where
the field lines corverge. In those regions, the magnetic force
(q/¢)v x B has a small component directed along the field lines.
This component tends to deflect a charged particle away from a re-
gion of increasing field strength,

I

The magnetic force components are depicted in Figure 3-9. The
relative magnitudes of the force components are variable. Usually
the centripetal force is the major part of the magnetic force. Whe:
the retarding force along the [iald lines is rclatively weak, the equa-
tion of motion yields an acceleration (or deceleration) in the field
direction B (References 4 and 21):
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Figure 3-9. Components of the torce acting on a positively charged particle
in a converging mognetic field.
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2
dv, _ 1 . dB (3-42a)
dt  — 2 YB dS

to first order in the variation of B with distance S along the (ield
line, The similarity to the drift velocity Equation 3-37 especially
should be noted. Here, too, gravitational effects are comparable
with the field inhomogen«ity effects for thermal velocity protons.

Thne radial component of the equation of motion reduces to:

dvg o L +dB (3-42b)
dt 2 YD ds

But v,. dB/dS is just the time rate of change of magnetic field in-
tensity as experienced by a spiraling particle. Equation 3-42b,
therefore, yields the simple relation:

VLZ x B . (3-43)
Charged particles in a ~onverging magnetic field travel toward
the "ends' of the field only as far as the turnaround or mirror points
(Reference 1) where pJ_Z is equal to p2 , the total momentum squared.
This definition of the turnaround points is not in exact accord with
Gection 3.2.3., For all practical pusposes, the turnaround point is re-
garded simply as the location where there is no component of mo-
mentuim along *he general direction of the field. To avoid confu-
sion, the term mirror point will be used here except when the
specific meaning of Section 3.2. 3 is intended,

Il the magnetic field 1s closed at two ends, charged particles will
continue to "bounce’ back and f{orth until they either lose energy or
are deflected by some external process. Figure 1-3 shows how
charged particles move in the earth's field (ignoring drift motion).

It 15 Fonvenient to define the pitch angrle ap as the angle between
the particle's momentum and the magnetic field (some of the early
literature on magnetic trapping refers to the pitch angle as the com-
picment of the angle defined liere). The pitch angle 15 indicated in
Fiures 1-3 and 3-9. Equation 3-43 is equivalent to a simp.e rela-
tion which gives, at any point, the pitch angle variation in a magnetic

field:

sin ap =‘/E7Bm 3-44
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Equation 3-44 is presented nume ically in Figure 3B-1. Bj, i the )
field strength at the mirror point, The pitch angle attains its inini- i
mum, @ , at the equator. A smallest allowed UO, the cutcff pitch
angle, exists for any field line. Particles with smaller pitch angles i
would be lost rapidly because they peretrate deeply into the atmo-

-
FAMEBEE T Nt 1 K2 Hl KOV

-

L R

W ey a = e i SRR 3 2k S d
.

sphere (References 28, 29, and 3Ci, The cutoff pitch angle: ! ?n
! K
P
@ = arcsin| /B /B : (3-45) . ¥
c N ° [atmoaphercl , L
J oy
is plotted in Figures 3B-3 and 313-4. ; :ii

1
THE MAGNETIC MOMENT OF A CHARGED PARTICILE. Tha i 4-:
proportionality of p_& and B ensures that the magnetic flux -'lpCZB ' E
within an orbit remains constant. This resu't c»1 he shown to be b
true generally, even in a magnetic field that varies with time (Re!- I
erence 21). Charged particles behave a5 a diamagnetic medinm— ' i
their motion induces a magnetic field in opposition to the externally .
applied field (References 1, 20, 31, and 32), T'e piuvduct of the arca ?
enclosed Ly the orbit multiplied by the current around the perimeter [N
is the magnetic moment of a single gyrating particle. The magnetic "
moment of a charged particle in a magnetic field: 4
| o ‘4 i

U L {3-4¢
1

is a constant if Equation 3-43 is valid., The energy-dependent factor
in the latter equation is plotted in Figure 31B3-7,

THE BOUNCE AND DRIFT PERIODS. The total time elavsed be-
tween successive reflections of a trapped particle is the hounce period:

et e s 1o P S ——

. K3 N

4 Sn ds :

A i TSI (3-47) ;
b vy cos & v o .

_ A quite satisfactory empirical approximation (with errors of less than
i | percent) for particles trapped in the geomagnetic field (Reference 33)
. i8

0.73

. ] . (3-48)

e e s e m———

t, (sec) =~ 0. 177—L— [1 - 0.4635 (Bin & )
vic o

. It is often more convenient to replace the exponent of the sin o term
! Ly 0.75; in that case the accuracy at large pitch angles is xmproved i
with a slight sacrifice of accuracy at moderate pitch angles. Bounce
periods are generally several orders of magnitude greater than the

ot e et -
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gyro periods (:310'1 second versus ~107% to 10-9 second, respectively,
for the trapped electrons). Computed bounce periods a.e shown in
Figures 3B-10 through 3B-12.

Because it varies along a geomagnetic field line, the azimuthal
drift velocity (Equations 3-38 and 3-39) must be averaged over a com-
plete bounce period. The average drift velocity has been computed
and tabulated by several workers, particularly Lew (Reference 34).
At the equator the average is given quite well by the empirical for-
mula (which agrees with computed values within 0.5 percent) (Refer-
ences 33, 34, 35, and 36).

» 2
V oa——— L* E(%_,) /{1 - 0.3333 (sin @)

g eBERE

O‘(’?'] . (3-49)

The drift period is the time taken for drifting particles to make a
complete circuit of the earth; Equation 3-49 gives

- | RETAN .
t x—-»--E—--E—- -~ [1 - 0.3333(sin ao)o ' i (3-50a)

mc3 L7(vic)

for electrons:

ZﬂeBERZE 4
3 ~1,557 ¢« 10 second (3-50b)
mc

and for protons:

a 8,481 second, (3-50¢)

Drift periods are generally several orders of magnitude greater
than bounce per.ods. The computed values are shown in Figures
3B-10, 3B-11, and 3B-13,

3.3.3 The Motion of Field Lines

If charged particles gyrating in a magnetic field are to maintain a
constant magnetic mornent during changes in the field strength, their
kinetic energies also must change. Energy normally is not exchanged
between a static magnetic field and charged particles. However, a
variable magnetic field induces an electric field that can accel-
erate charged particles. The induced electric field E is given
by Faraday's law, which states that the integral @ E;- ds taken

3-24
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' (often written with a subscript, i.e., Jo or J[omni] ). The omnidirec-
: tional flux is just 47 times the intensity averaged over all angles.

The ominidirectional flux should not be confused with the net flux:

jcos L db (3-86)

1 F -

-/iall angles]

which is the rate per unit area at which particles cross a ;.)lane sur -
face; { is the angle between the velocity vector and the normal to the
surface, dfl is the increment of solid angle. The flux, F, can be
negative or positive, depending on whether more particles cross the
surface from one side or the other. With regard to the trapped
particles, F has a meaning only when referred to a solid detector
surface, otherwise:

!
F = 27 cos /1 j(B) pdg - 0 (3-87)

where {’ is the angle between the field line and the normal to the
surface. |

\ :
Since J ig a function 3¢ B, it also may be regarded as a function "'A-\"\‘dl
ot u'=\1-B,/B . With the aid of Liouville's equation (Equation 3-82), M "":
the omnidirectional flux can be written as an integral involving oy
th atorial intensity j (4 B’ = j(4 B ): vt
e equa al intensity j (/.JO “o )(uo o) .

1 Bu du_
J(B) = J(w')= 4m [u, b, B) ————— (3-8B8a) P
. - - 1 .
fo) B') \__l B(l Ho)/l,o

! H, 9B,
LY I —— : — . (3880
H, .u’ 1. _ : 'l
) (1l B IAY (1 uO;/(l M, )

The inverse relation that yields j as a function of J cannot be written
in a2 closed form except for certain special cases. For a pitch-angle
distribution of the form

5 n/2
j= (;(;4C - yo) } “o < M (3-89a)
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the omnidirectional flux is
n/2 +1/2
2 12
T+ W - p’)
J =2n1C - - . (3-89b)
re+2 2 M¢
2 2 (1 - p(; )

The distribution Equation 3-89b is particularly useful because it
approximates the steady-state solutions of a pitch-augle ditfiusion

equation (see Chapter 2).

Detailed solutions of the relation of j to J are available (Refer-
ences 61 and 62 ; a computer code which performs the integration is

listed in Appendix 2C).

3.6 HYDROMAGNETIC MODEL OF A PLASMA

3.6.1 Collisions Between Charged Particles—
Collective Behavior

in any ensemble oi particles, collisions occur between particles.
These result in transfer of momentum. The electrostatic forces
between charged particles decrease slowly as the niwtual separation
increases. Therefore, where a plasma is relatively tenuous, the
most important interactions are between charged particles. The
interaction forces between charged particles become negligible only
beyond the Debye length or Debye shielding radius:

kTe
)‘ = . (3-890)
D 4Tn e&
e
T—Ec)—
)\D(cm) = 6,9 3 (3-89d)
ne(cm )

where Te and n_ are, respectively, the effective temperature and
number density of "thermal" electrons. The shielding of electrostatic
forces is due to thermal fluctuations in the free electrcn gas (Ref-
erences | and 2). The effective temperature of the {ree electrons,
the electron temperature T, , therefore should be expect=2 to appear
in the Debye length formula. The electron temperature above the
atmosphere is about 1,500 to 2,000 K (References 23 through 27),

3-38
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which results in . DJebye length of

AD(cnﬂ ~ ;—_—_-& . (3-90)

Vn (em )
e

The Debye lenuth in the lower trapped radiation belts is about 2 to
10 centimeters,

The number of particles within a sphere of radius AI)' the Debye

spnere, is a measure of the importance of collective behavior. When
el —

few paiticles occur within a Debye sphere, each particle interacts
only with its nearest neighbors. But when each particle interacts

simultaneously with thousands of other particl.es, any perturbation in
the particle distribution will result in transient electric and magnetic

fields that are felt by many particles. These fields tend to restore
the original particle distribution. Oscillations can occur as in any
mechanical system where restoring forces restrain the excursions
from equilibrium. The trapped particle belts are subject to a wide
variety of oscillation phenomena. Oscillations and waves in the
magnetosphere are discussed briefly in Section 4. A systeraatic
treatment of oscillations in ionized gases demands more space than
is available here. For further reading, see espccially References
63 and 64,

3.6.2 Boltzmann's Equation

It is advantageous to treat the behavior of a plasma statistically
through the evolution of a distribution function {. Liouville's equa-
tion must be modified to take account of interparticle collisions and
nonconservation of f. The generalization of Liouville's equation is
Boltzmann's equation (References 20, 65, 66, and 75):

(e %
.

Q-
(ad

. - j £
#p~7f;F‘ v Lo (%) . (3-91)
P ‘collisions]|

The notation ¥ has been used to denote the gradient (¢/3p; , 8/3p; .
d/8p3) in momentum space, Considering the strictly reiativistic
Boltzmann equation vsually is not necessary. Most of the particles

in the radiation belts have velocities not significantly greater than the
thermal speed. Throughout the remainder of this section, the momen-

tum is replaced by mv .

Boltzmann's equation in the absence of collisions is entirely equi-

valent to the orbit equations of Sections 3.2 and 3.3 (References 20,
40, and 41).
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MOMENTS OF BOLTZMANN'S EQUATION., Boltzmann’'s equation
can be approximately solved if fluid-like equations are constructed by

= ro - - 3. - -
= < . ) -94
Pk mk“vldl fk (x,v,t) vwd v n\]r(x’n,kn.xkuk (3-94)

Dyadic notation has been employed for the tensor P (Reference 67).
Another way of writing P is in terms of the components:

pij = nm (vivj) - nm (vi) <VJ> . (3-95)

The tirst moment of Boltzmann's equation (averaged over ‘J"J'”J" d3v)
is the equation of continuity:

dn
——}5+V'nu = 0

ot k k ’ (3-96)

which guarantees that particles are conserved.

App
ol

The second moment of Boltzmann's equation (averaged over
is the momentum conservation equation:

aﬁk el 1 P = —
nkmk (at +uk' Vu.k> -nqu <E+Z%‘XB)‘+V'Pk= FC

(3-97)

The effects of collisions between different types of particles are com-
bined in the term Fg.

3-40
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."ﬁ.; 1 means of an averaging procedure (References 1,20, ard 49). Two
F;,, | important quantities are the number density:

P

i - MM E R d 3.92
‘“‘ n'k N I K » Yy v ( -92)
k; and the streaming velocity:

v

3 = - L erp % ¢ G al v

. \Lk = oL ik (%, v, t) vdv ') (3-93)
3 k

v | of particles of species k. These may be regarded as moments of the
L. distribution function weighted by powers of v. Another useful moment
K ‘ is the stress tenso> or pressure tensor:

3

vd v)

Bk d
. -;)’.
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‘ The third moment is of less irmmediate interest. It describes the
. transfer of energy and is somewhat analogous to a heat-transfer
t - eguation (Reference 20).

3.6.3 Hydromagnetic Equations

' The similarity of Equations 3-96 and 3-97 to the equations of hydro-
' dynamics is obvious. A plasma often can be censidered as a continuous
fluid in which the total mass velocity (or average streaming velocity) is

: fmkmrcu‘.
E ey

v -

1 - .
- —Z nm u (3-98)
P k k k

i
|

[ The density P is the sum of all rLkm}'s. The electrical current
density (in emu) is )

- u -9
ions i elecFrons neue] (3-99)

+Z.e is the total charge on an ion. When the Bolizmann equations ‘or

clectrens and ions are combined, the result is the hydromagnetic equa-

tions (References 1, 20, 38, 40, 41, and 42) or magnetohydrodynamic T
equations. The mechanical focrce equation is i

l

1 s L oer -
! J = cEnquuk = ClE (ni../.i)u,
1
|
|

»

p2l = IxB-v P, (3-100) -

%

0 I C - _ _ _ _ _ =
et 3T o lgys. oo p L l3yp. 3
2 at c n e e n e o

nec e e

(3-101)

Spatial derivatives and teris of order mg/m; have been ignored.
“Zquation 3-100 is still recognizable as the basic equation of motion

of a fiuid, Equation 3-101 has been called Ohm's law because of its

similarity to the conventional Ohm's law for a conductor, The last

| term or the right in Equation 3-101 contains all the effects of collisions

A between positive and negative particles. The proportionality of this

term to J does not follow directly from Boltzmann's equation, but

3-41
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rather from the assumption that the momentum exchange between un-
like particles should be proportional to their relative velocitics
(Reference l). The constant of proportionality 1/0 is called the elec-
trical resistivity because, in a uniform, steady state plasma with no
magnetic fields, Equation 2-121 reduces to the familiar form of Onhm's
law. The inverse of electrical resiutivity is the clectrical conductivity,
The conductivity is approximately

2
n.e
g = — (3-102)

m ¢ y
e C

where v. represents the frequency of collisions between electrons
and ions (References 1, 68, and 69).

FIELD EQUATIONS. A contindity equation for electrical charge
follows immediately from Boltzmann's equation. It is (Reference 1)
the charge conservation equation:

'gt—éCV'.—]:'-’O. (3-103)

The localized excess charge density is
Q= ¥naq . (3-104)

The diamagnetism of a plasma, mentioned in Section 3.3, 3, is a
general result which makes possible including the gyro-motion part of
the current in the total magnetic field. Maxweli's equations, which
describe the electric and magnetic fields of a plasma, are ther
(References 1 and 70)

v.-E = 41Q (3405*
v:B = 0 (3-106)
~ 198
UXE = -Z3 (3-107)
— 1 AE -
=z - — m -
VX B < e ¢ 4T (3-108)
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The units of these equations are discussed in . ppendix 34, 7 s only
;.." | - that part of the current due to the relative motion of different com-
; ponents of the plasma. ‘i'he appropriate measure of the magnetic field
is B, which here is called the magnetic field intensity.(i’, conventionally
I is referred to as the Q\ix_d_ﬁ_ns_l_ty or magnetic induction, The designa-
tion magnetic intensity or field strength conventionally is reserved for
H = B/(permitivity).) The magnetic moments of individual particles are
included in B, which is the field that would be measured at any point,

SOLUTICNS OF THE HYDROMAGNETIC EQUATIONS. A com-
plete description of a plasma requires one more equation—an eguation
of state relating ng and P, Employing a simplified equation of state
usually is sufficient and desirable; in the trapped radiation belt, ne
can be assumed nearly independent of P,

LBlad,

The dynamics of a plasma, including flow and wave motions, can
be treated by methods similar to those developed for the solution of
problems in classical hydrodynamics (References 38 and 71). A
special conplication of hydrdmagnetics is that the préssure is a tensor
[(References 40, 41, and 42), This means that motion along the mag- ‘
netic field direction is nct simply related to the transverse motion, nor
does the motion along the ficld correspond-very well with the motion of
a massive fluid. Only for waves and flow transverse to the magnetic
field is the hydrodynamic analogy entirely valid,

RSV 3 N

-

2
(e
22

L LR,

* TRANSVERSE DRIFT CURRENTS. A rather confusing aspect of
Yiquation 3-10! is that i. does not predict a steady current due to a
gradient in the magnetic field strength {as in Equation 3-37). This
drift current actually is contained implicitly in the pressure gradient
terim. If 2P = 0, the density of guiding centers of particles drifting
in scme arbitrary direction is balanced exactly by the density of
guidirg centers of particles drifting in the opposite direction. How-
ever, if the plasma is of finite extent or has a region in which 9P is
' finite, it is possible for a current to flow (Reference 1),

. e

. v

| j
[

VN

Pl Sl T o e RN

i o 3.6.4 Electrical Conductivity Tensor

When pressure gradients can be ignored, the Ohm's luw equation
(Equation 5.-101) resembles the conventional Ohm's law in that J and
E appear only linearly, although they may be in different directioas.
1f the fields and current have parts that vary sinusoidally proportional
to real part (elwt), the time derivatives can be replaced by

o) iwt . , iwt
— (e Yy o= oiw (e )

' ) >t
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Equation 3-101 reduces to (Reference 2)

. = ) - =

iwJ = E . —-— JXB -
2 ne

n e e

(3-199)

Q <l

The current and electric field may be decomposed into vectors parallel

and perpendicular to B = B, + B (el®Wt);

Q

E = E,+E (3-110)

J = co E +cg, E +co B X E . (3-111)
o 1 74 2 Bo i

The tensor equations:

J = ¢z E (3-112
9, -0, 0 7

¢ =| o, o, 0 (3-113)
0 0

L ° |

are identical with the preceding c¢quations and usually are preferred.
Note that no universal agreement exists on the choice of signs in the

off-diagonal (0,) components of 0. The notation here is perhaps the
more frequently used.

CONDUCTIVITY TENSOR IN AN IONIZED GAS. Equations 3-109,
3-110, and 3-111 can be solved readily for the specific electrical
conductivity gq , the Pederson conductivity o). and the Hall conduc-
tivity 0, . The total current is the sum of contributions fron~ all

e types of particles, The total conductivity is the sum of ion and elec-
l tron contributions:
s .I _ - -
. g = 6.+8_ . (3-114)
. i e
,»_‘!
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l P The cormponents of the conductivity tensor (in emu) (Refereaces 72,
o 73, and 74) are
) ¢
;l\ : 2 -
£ Ne® 1 1
. ‘ = - 3-115
» % ‘T me -t m (w - i) ( )
K c i i e e
F‘ 2 , :
v ne (w - wi) (w - We)
: o, = -i eZ >+ 5 > (3-116)
L# c m, [(w - "Vi)‘”i] me[ (w-iv ) - we]
"
¢ n ez w, w
e i e
e o. = : - :
2 2 .2 o2 2
E c m[(w-iv.)" - w,] m[(w-iv ) - w ] :
i e e e :
|
% (3-117) '
The frequencies v; and v, are, respectively, the rate of collisions of .
g ': ions with neutral particles and the rate of collisions of electrons with L. )
f i all heavy particles, !:‘\S
3 [ ol
] . . (I S
v The conductivities in the zero-frequency limit are | 2
N ' . ¢
] L
i 2
nee 1 1 v
00 - 2 (m.v. v >~ g (3-118) h
c ii e e 4
2 -
n.e [ v, v, |
o, ~ — : 5 I (3-119)
+ f + ‘
c Lmi(u.1 v, ) m v, w, )_J
2 r -
n_e w, @, | _
o, ~ 2 2 N (3-120)
¢ m v, ¢ ow ) m ¥y + w )
1 1 1 e € e o
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As the collision frequency become negligible, o, becomes very large
whereas v, and 0, approach zero. Thue contribrtion of each component.

2
in e

T -
.

m C W
e [

.

to the Hall conductivity is exactly the same as would be given by the
E X B drift. The total Hall current is zero. The current trans-
verse to the magnetic field must be equivalent to the E X B drift car-
rent. However, in a steady state (w~ 0), el:ctrons and ions drift

| together so ‘hat no transverse current is expected.

TN LMW W e e T g, T

The actua. direction of Hall current flow dernends on the relative
importance o, two terms. With the sign selected here, 0, is gen-
erally positiv: in the ionosphere between 70 and several hundred
kilometers altitude (References 27, 73, and 74). The lall conduc-
tivity in tho ionosphere is quite large; it is responsible for the polar
electrojets —strong currents which flow across the geomagnetic
field lines (Reference 73). \
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Figures 3B-10 and 3B-11 give the bounce and drift periods of
trapped electrons and protons, respectively. The abscissas are the
kinetic energies. Separate curves are plotted for selected values of
L= Ro/RE' These figures were constructed for particles with G0- :
degree equatorial pitch angles; the detailed pitch-angle variation . :
can be found in Figures 3B-!2 and 3B-13. (The guidiag center approxi- ) i
mation and trapping conditions break down at very high energies where ' ‘
the bounce and drift periods become comparable.)

Figure 3B-12 shows the bounce period and the second adiabatic
invariant as functions of equatorial pitch angle. The bounce period
t;, and the second adiabatic invariant J contain, respectively, the

o
integrals
4 Sm .
TR [ dS/u
o- 0
and
R S
d = E}- / m pds N
o 0
integrated along the field line from the equator to the mirror point. : o
The factor of 4 accounts for a complete bounce period (Equations PR Y
3-47 and 3-75). These integrals are shown in this figure (also in - ’ }".‘;‘ﬂ
Table 3B-1). The length, S, of a field line would yield a curve !'N'; {
4S/R¢ falling between and passing through zero-ordinate at a 90- '
degree pitch angle, 1.
. “
The complete J integral is
~
J - R gp = LR_Jp .

and the bounce period is

= - /
Lb RO?/V LRES, v

The momentum p and velocity v can be found from Figures 3B-06 and
3B-7. Any ol several units may be employed for J. The niost coni-
mon are cgs units or mixed units —(NeV,ci cm, or (MeV ¢ (earth
radii). A third alternative, MeV sec, is less useful. The appropriate
numerical conversion is J(NeV second)= 0.02125 L.piMeV. ¢y, .
For example: A l-MeV electron has a velocity 2,5 X lOlocent‘.—
meters per sccond (Figure 3B-6). If the equatorial pitch angle is 30
degrees agnd i. = 2, the ordinate § is 4.0 and the bounce period 1s t| -
6.37x 107X 2.0x 4,0.2,8:: 100 - 0.15 second. The monientumn: is
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Figures 3B-10 and 3B-11 give the bounce and drift periods of
trapped electrons and protons, respectively, The abscissas are the
kinetic energies. Separate curves are plctted for selected values of
La~ R /RE. These figures were constructed for particles with 90-
degree equatorial pitch angles; the detailed pitch-angle variation
can be found in Figures 3B-12 and 3B-13, (The guiding center approxi-

T~
R

F mation and trapping conditions break down at very high energies where
F_}‘ the bounce and drift pericds become comparable.)

P

t‘ . Figure 3B-12 shows the bounce period and the sevond adiabatic

invariant as functions of equatorial pitch angle. The bounce period
" t, anc the second adiabatic invariant J contain, respectively, the
integrals

Q.. 4 Sm .
3 R [ dsS/u
o 0

.y —c L

and

4 Sm .
J = R /0 IJdb ?
o

TR

' integrated along the field line from the equator to the mirror point.

Lotasiu

The factor of 4 accounts for a complete bounce period (Equations .o R
, 3-47 and 3-75). These integrals are shown in this figure (also in o i;‘,‘;’a
; Table 3B-1). The length, S, of a field line would yield a curve ;'\iv
v 4S/Rg falling between and passing through zero-ordinate at a 99- A
3 degree pitch angle. -

The complete J integral is

J = Ro._ap = LR_dp

E

and the bounce period is

ty, = R8/v = LRES/V
The momentum p and velocity v can be found from Figures 313-6 and
3B-7. Any of several units may be employed for J. The most con:-

nmon are cgs units or mixed units —{(NeV/c) cm, or (NMeV.ici (earth
radii). A third alternative, MeV sec, is less useful. The appropriate
numerical conversion is J(MeV second: $.02125 I.p(\NeV ),

For example: A l-MeV electron has a velocity 2,35 x 100

cenii-
meters per second (Figure 3B-6). If the equatorial pitch angle is 3C
degrees and 1. - 2, the ordinate §is 4.C and the bounce period is t, -

6.37X 10 x2.0x4.0:2,8 lOlO: 0.15 second. The momentum is
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l: i t.4 MeV/c. The second adiabatic invariant is therefore J = 2 X 1.8 X
! : l.4=5.0 (MeV/c) Ry . The degencrate adiabatic invariant is 3= J/p -
o 1
. - 3.6 g
OO | H
1
?\' ,I i The velocity of a | -MeV proton is only 1,4 X 107 centimeters per
E"" , second (Figure 3B-7). If the pitch angle and [, are the same as for
%) , the electron in the first example, the proton's bounce period is t, -
'fl_ : 6.37 x 108%x 2 x 4.0/1.4 X 107 = 3.6 seconds. The corresponding
E‘.‘ gyro-periods of electrons and protons at L. = 2 on the equator are
?" 9% 10 °seconds and 1.7 x 10°¢ seconds, respectively (Figure 3B.9,
J
F—' IOa T T
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Figure 38-10. The bounce and drift periods of tranped
electrons as a function of kinstic energy.
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Figure 38-12. The bounce perlod and second adiabatic Inveriant a1 functions
of equatorial pitch angle.
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Figure 3B-13 presents the azimuthal drift period as a function of
the equatorial pitch angle in the earth's field. This figure, together
with Figure 3B-14, which provides the energy-dependent factor, can
be used to determine the azimuthal drift periods of particles trapped

in the earth's magnetic field {Equation 3-50). The average angular
drift velocity is simply

L2 2MLE(v /ch)
J)d = td = R ~

The drift velocity at the equator is the angular drift velocity multiplied
by the equatorial radius Ro = LR_ or

27 LeR_E(vE/cd)
E
s

VvV =

For example: The egergy-dependent factor for a 1-MeV elec-
tron is E(vz/cz) = p‘Z/ym = 1,3 MeV (Figure 3B-14). If the electron has
an equatorial pitch angle of 30 degrees, the ordinate of this graph is
5,250, which, at L = 2, results in a drift period ty = 6,250/2 X 1.3 =
2,400 seconds = 0.67 hour. The average angular drift rate is 27 /2,400 =
0.0026 radian per second = 0, 15 degree per second or 0.83 degree per
bounce (Figure 3B-10). The average drift velocity is V = 4,0 X
10%% (2)%x 1. 3/6,250 = 33 kilometers per second,

For a 1-MeV proton, the ordinate of Figure 3B-14 is so small
that the approximation E(vz/cz) =2 may be used. If the pitch angle
and L-value are the same as for the electron in the first ex-
ample, the drift period is tg = 6,250/2 X 2 = 1,560 seconds =
0.43 hour,
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Figure 3B-14 contains the exrpgy-dependent factor employed in
azimuthal drift computations. The square of particle riomentum
divided by ¥ ior to.il energy multinlied by velocity squared. occurs
frequently, particularly in computations relating to particle drift
motions. For nonrelativistic particles, this factor 1s ncarly eqgual
to 27. Accurate val:es at nigher energies can be found from the
formula:

2 T 2me)
D JYm =

or from Figure 3B-14, The ordinate and abscissa are in the same
units.
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Figure 3B-15shows constant-Jcurves in a dipole field. The upper
L] half of this figure shows some selected contours of constant degen-
k : erate adiabatic invariant, 4= J/p (in units of earth radii, Rg) in a
4 dipole field. These curves contain the mirror points of all particles
: having a particular value of . The constant-Jsurfaces, constructed
% ] by rotating these curves about the polar axis are open and funnel
shaped. The curves are labeled with the value of J in Ry . Several
%;-g dipole field lines also are shown.
v
[
r The constant-J curves are not the mirror point traces of particles
L that preserve adiabatic invariants while drifting across l.-shells.
5_ The constant adiabati: invariant curves, labeled with the values of
F | J2/Mm =J38m in gauss square centimeters or gauss Ri:, are shown
£ in the lower part of the figure.
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Figure 3B-15. Constont adiabatic invariant curves in a dipole field.
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Figure 313-16 contains constant adiabatic invariant curves in B, L.
coordinates. Constant J%/Mm contours, such as in the lower part of
Figure 3B-15, are shown in Figure *B-16 in B, L. coordinates. The
mirror point of a particle drifting across I.-shells while preserving
the first two adiabatic invariants will follow a trajectory such as these.
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1
I
{ the atmosphere. The quantity J¢/Mm is shown as a function of L

g Figure 3B-17 presents adiabatic invariants of particles entering
‘p‘ for particles entering the atmosphere mirroring at 100-kilometers

- altitude. J,M, and m may be in cgs units, or J may be in MeV/c .
E‘ cm, M in MeV/gauss, and M in MeV.

3

.

E For example: A l-MeV electron mirrors at 100-kilometers alti-
4 tude on L = 2. From this figure, the ratio of its adiabatic invariants
: is J¢/Mm = 30 gauss RZE . If the electron started at L = 6 and

‘_" ) drifted across L-shells while preserving its adiabatic invariants, the
F ‘ ratio of initial and final mirror fields, Bm, can be found from

3 | Figure 3B-19. The ratio is B,,(LJ4/Mm = 180), By, (LJ¢/Mm =
S 60) = 1.3 X 10°/1.8x10°=0,.07. The constancy of the magnetic

L moment ensuies that the ratio of initial and final momentum squared

is the same as the ratio of the B ,'s. When observed on L =2, pl/2m
was 2 MeV (Figure 3B-8). Initially, pZ/Zm must have been 2 X 0. 07 =
0.14 MeV. The initial energy was approximately the same (0.14 MeV),
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Figure 3B-18 contains an equatorial pitch angle as a function of
L for constant adiabatic invariants. The equatorial pitch angle &,
varies so slowly with L that this figure has been folded over many
times. The value of I. can be found by multiplying the coordinate
on the lower scale by the factor above the appropriate segment of
the curve and dividing by J2/Mm. The dimensions of J, M, and m
are the same as in the preceding figures. If J2/Mm is an integral
power of 10, for example 10", [, and &, may be read directly from
the curve labeled x10N .,

Small changes in &, can be computed accurately by using the aver-
age slopes given on the right side together with the formula:

o = [constant] + [slope] % 10g10 L

For example: A trapped particle is initially at L =~ 6 with an
equatorial pitch angle of 50 degrees. The abscissa of this figure is
at LJ2/Mm = 6 X lO-lgauss RE . Therefore, I8/ Mm is 107 gauss
Rlzg . The L-values may be read directly from the scale at the bottom.
If the particle drifts to L = 2 while preserving its adiabatic invariants,
the new equatorial pitch angle is 57. 8 degrees. When the preceding
simplified formula is used, the new pitch angle is computed to be

_ [.=2
ao = 50 degrees + (-16.1) log10 5 - 57.7 degrees
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Figure 3B-18. Equatorial pitch angle as a function of L for constant adiabatic
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Figures 3B-19a and 3B-19b show a mirror point field as a function
of L. for constant adiabatic invariants. These figures contain essen-
tially the same information as the last several figures, except that
P, has been multiplied by (Mmo)3/J€’ to obtain a unique function of
L (JZ/Mm) . The parameter J2/Mm common to the ordinate and
abscissa may be computed or, alternatively, determined from the
preceding figure. If J%/Mm is an integral power of 10, for example
10", L. may be read directly from the curve labeled x107.

Constancy ot the magnetic moment requires that pZ/Zm varies
directly with Bp,. The kinetic energy can be found, therefore, from
Figure 3B-8.

Small changes in B, can be computed with the aid of the average
slopes at the right side and the formula:

loglo Bm = (constant] + [slope] X log,, L

The figure has not been continued beyond L = 103 because, for 7
smaller [ values (@ > 80 degrees), Bm is given quite accurately by '
the simple formula;

)
(%)
Rt~y p-at sl

For example: The equatorial pitch angle and L of a trapped par-
ticle are 50 degrees and 6, respectively. From the preceding figure,
J¢/Mm is 107! gau;s RE . The mirror field may be read directly
from the curve labeled 107! (after multiplication of the ordinate by
1073). If the particle drifts to L. = 4 while preserving adiabatic
invariants, the mirror field changes from B, = 0.0024 gauss to
B, =0.0076 gauss. If the particle is an electron with initial energy
of | MeV, p®/2m is about 2 MeV (Figure 3B-8). The momentum
squared is propcrtional to the mirror field if the magnetic moment is
preserved. Finally, pz/Zm is 2.0 X (0.0076/0.0024) = 6.3 MeV.
The final kinetic energy is about 2.2 MeV, The energy of a trapped
proton is morc nearly proportional to B . If the drifting particle
were a proton, its energy change would be from 1.0 MeV to 1.0 X
(0.076/0.024) = 3.2 MeV.
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E§ o SECTION 5

£ SOURCES AND LCSSES OF TRAPPED PARTICLES

r\ ' G.T. Davidson, Lockheed Palo Alto Research Laboratory :

S ;

g ; 5.1 INTRODUCTION !

; i ' Most of the unsolved problems relating to the trapped radiation ’

‘ ; belts have to do with two broad question: (1) Wherc do such large .

? ; numbers of energetic particles come from and (2) Why, after they i

have been trapped, do they disappear again? Only partial answers
are available. The source of high-energy trapped protons has been
ascribed with a fair degree of success to decay of cosmic-ray- |

Pl Akce ddd

- i p-oduced albedo neutrons. The same mechanism is quite inadequate
r to explain trapped electrons and low-cnhergy protons.
L | :
i ' Observations of the decay of artificial radiation belts have shcwn
- : that the principal loss mechanism on low L-shells (L < 1.25) must N
: be collisions in the atmosphere. Some additional loss mechanism
must certainly exist that affects particles on higher Li-shells. A

large amount of effort has been expended in anaiyzing the cffects of
diffusion of particles across L-shells, and limited success has been
achieved for some special instances. Otherwise, the I,-shell dif-
fusion theory is far from complete.

Many interesting particular ¢ffccts have been explained, but their
relevance to the overall picture of trapping and losses is not well
understood. A recent subject of much attention has been the inter-
action of plasma waves with trapped particles. This topic is still
rather controversial.

o —— N — o — - -

- e

The Sections 5.2 and 5.3 treat the purc loss or source mecha-
nisms, such as loss through repeated collisions with atmospheric
particles and the neutron decay injection theory., Succecding sub-
sections discuss more complicated processces that may be respon-
sible not only for injecticn and removal of particles but also for
redistribution within the trapping regions.

et

Unfortunately, space limitations prohibit ¢iting all the important
reference materials. The references in this section are intended

5-1
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primarily as a guide to further reading. For more detailed treatments
T : of the subjects in this section, see References | and 210,

5.2 LOSSES IN THE ATMOSPHERE

5.2.1 Particle Collisions

Section 3 considered the motion of isolated particles. Thc results
; of Section 3 hold if particle collisions do not substantially iltcr the
] motions. Not obvious, however, is that collision effects dan be
- ignored when dealing with large numbers of particles. In the lowest
t parts of the atmosphere, the air behaves as a collision-dominated
E* ) fluid with only rare manifesiations of plasma-like behavior. One
should expect that intermediate regions exist in the high atmosphere
in which the effects of collisions and electromagnetic ficlds are
‘. comparable.

=¥ L

A fast, charged particle in an un-ionized medium loses energy
efficiently through collisions with atomic electrons and nuclei.
Orbital electrons involved in a collisior may be excited to higher
energy states or may be removed completely from the parent atoms.
The resulting energy lost per unit trajectory distance by a fast par-
ticle of charge te and velocity v encountering stationary particles
of charge te is the stopping power {References 2, 3, and 4):

i
)

.o

dt _ a7 _ Zﬂe_4 In (maximum energy cxchango) (5-1)
"ds 0 Tds muve " (minimum encrgy exchange)

The energy loss is proportional to the number density of stationary
charged particles, n. The mass that trequently appears in formulas
related to collisions between two particles is the reduced mass
(Reference 5):

m)ym,
m,z . (5-2)
my*m,

When both particles are clectrons, the reduced mass is mgy/2.

When both are protons, the reduced mass is m,/2. Otherwise, if

one particle is an electrun and the other is much heavier, the reduced
mass is nearly equal to the electronmass, m,. Because the reduced
mass in collisions with clectrons is small, the slowing of heavy,
charged particles is due almost entirely tc collisions with bound and

free electrons (Reference 1).

5-2
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Table 5-1. Excitation ionization potentials (Reference 23).

1 Predominotes in

-

Material 17 (eV) Ioglo | Altitude Range
(km)

Air (nitrogen) 87 1.94 < 300
Oxygen 97 1.99 300 < h < 800
Heiium 44 1.64 800 < h < 5000
Hydrogen 18 1.26 5000 < h

Equation -7, the first two terms in the square brackets becoms

6,60 lu;ﬂ-lU(m(‘/n‘-p)';'(McV). The difference between Equations 5-7

and 5-9b 1s only about 10 percent when particies ot comparable veloc-

ities are considered. .

The cnerypy loss lifetime is of order
T N — . (5-11)

I the upper rart of the trapped radiation bells where the total aver-
age clectron density may be of order 107 per cubic centimeter
(References 2v, 21, and 22), the predicted lifetimes of trapped elec -
trons and protons would be of order 20 and 60 years, respectively,

A particic of safticient energy could very well remain trapped for a
Iong time 1l the only offect of colligsions were a degrad.tion of kinetic

cnersy.

5.2.2 Cumulative Deflections—the Fokker-Planck Equation

An cnerpgy loss formula 1s not quite adequate to describe the re-
laxat:ion of charged particles in a plasma. The total accumulated
detlections of 4 particle can become so great that eventually there
1s no longer a well-defined "foeward' velocity. Auditionally, the
descr.bed stopping power formulas are not very accurate when the
speed o the particle under scrutiny is not much greater than the
thermal speed. A complete treatment of collision effects must in-
clude explicit'y the random nature of individual collisions, the

e e
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expected deflection after many collisions should be related to the

probable deflections in individual collision events. The Fokker-

Planck .quation satisfies these criteria quite neatly in predicting the

evolution of a single-particle distribution function fikx, ¥, ti (References

24 through 27), Because of considerable confusion about its proper

use, a brief derivation of the Fokker-Planck equation Reference 28:

is given here. Suppose that S(v, €V, t) d’v 0t is the probability that

a test particle within the element of velocity space defined by ¥ and

d3v imomentum space could as well be employed: experiences a small

deflection 6V sometime between t andt + 6t. One may assume that S .

.

AN e oy

4

: does not contain time as an explicit variable; this assumption defines
3 a Markov process in which the expected behavior of a dynamical sys -
r ter: does not depend on its past history {Reference 24). ({Many inter-
r- ! actions between particles are not Markovian, particularly if the test
G | particles have internal energy states that may be excited during or

¥ between collisions.) During a time interval, Ot, long enough to in-

clude a considerable number of collisions, the distribution functicn
evolves according to the formula:

flug, L by ‘[f-"[an du.] flug - Bugt)

bl P
S(u, - 8u,bu) J d3(6ui)J TR (5-12) T

1

The velocity coordinates have been generalized so that the com-
ponents of v are linear functions of some set of u;. The infinitesimal
volume element d” (6¢) is equivalent to diOu ) didu,i dibuz). The

6\7-1 are related to cartesian coordinates by the Jacobian (Reference 29):

3(bv ) 3(6 v ) 3(6v )
—_x Y z
a(bu]) (6 u.) 3(6u.)
1 1
5(6vx, 6\"", 6\'7) 5(6Vx) 3(b vy_) 5(6vz)
= . =D 1
TE 3, Bu, Gu,y TG, 306w, 3(8u,)

3(6v,) by ) 3(bv)

8(6\13) 3(b u3) 5(6u3)
(5-13)
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Of course J can be written as an explicit function of one set of variables,
say uj. A Taylor series expansion abcut 6u;=0 gives to first order.

3 fluy, t)
flug, B B‘t——— ot
3
R ~ 3 .
= 1,.\ | f(Ul. th Stuy, ey J(ui)f(ui,t)b(l'i, Oui) 6ui .

(J(u )f(u S(u Cu_))Cu_éu‘ J(Gu.)dj(éu_)zOt/’J(u.)
i j ok i iy i

(5-14)

The ')robalnlxty S is normalized so that the total probability of a
collision |I $d3(6v) is equal to 1 (including collisions that resualt
in no ueflectxon). The generalized Fokker-I’lanck equation may be
written immediately from kEquation 5-14:

3
A f ;
SRR DI UECRS)
j=1 J
3003
;—J): > a% :‘—u (Jf(Aui,Auk>). (5-15)
j=1 x-1 ~7j “Yk

The Fokker-1’lanck coefficients represent averages of the probabilities
of deflections, and are defined as:

’

<Lu4>: N"M du. J(u,)S(u,,611,)(15(611,) Ot (5-16a)
j j i i i i Pk

1,2,3
bu v (6 u )] - St (5 -16w)

The Fokker-1’lanck cquation can be [urther generalized to apply to
any quantity that changes in randomn:, discrete steps; the derivation

’

u ,bu > [ J 6\1 bu I('J

above also applies to a space of any arbitrary nun:ber of dimensions

In cartesian coordinates, the Fokler-1lanck eguation has a sinmiple
tensor form (l(efcremc IANE

5-11
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The notation ( ):( ) refers to dyadic multiplication (Reference
29). 9, is just the velocity space gradient.

Using a coordinate system with a symmetry exis that coincides
with some special symmetry axis of the physical systemn often is

convenient. No Fokker-Planck coefficients exist involving the az-
imuthal angle about the symmetry axis. In cylindrical coordinates,

v is decomposed into parallel, v, , and transverse, VL , components
The Jacobian is 2mv,. The Fokker-Planck equation that results

is
df 3 ] 3
—t- = 5—- f(Avu) —(;,— + aV—) f(Avé)
" 1 "
L I T N op J P Ep-T ch £(bv, bv))
2 &,,2 v, v, av“bv* i
2
1 3 | ) 2
+|— - (v, )7y, (5-18)
(vl Bv* ! 2 }VZ) i )
R §
coordinates (spherical coordi-

In velocity v and pitch angle a
nates), the Jacobian is 2mvé sinapH The corresponding Fokker-

Planck equation is
3 ( ' 3 3
— = - [cota “— | fta Y- =+ = :
3t (wt p ia )< p’ (\' av)(“‘)
P
. 2
2
,l,(-l C 2 ot a aTai 32)1'((:.0))
- D
I p »0 P
p
2
2 A 2 2
+ - FUNPS —_ - = het {1
S cota cot apav * T ag ' Toha f LO{pAv)
P P
2
] 2 2 (- 2
S Trs T Ee)) (5-19)
v Qv

The cosinc of the pitch angle, B, is usually a convenient variable,
11 which case the Jacobian is 2a#v® and the Fokker-IPlanck equation
in velocity- pitch angle cosine courdinates becomes

- S e, Al o A~ Ay
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af 2 o
—_— e A&+ ==)t(a
at o f<en) (v+8v) (6v)
2 2
1 3 2 2 9 d
4~ 2 £ o dud
+ 3= f(AM))+(V " +ap.av) f(apdv)
oM
) 2 2 1 32 2
_ £ 2 = 5-20
*(z*vav"z 2)f(Av)). ( )
v dv

In the last equation, the velocity could have been replaced by the
kinetic energy with a resulting Jacobian of just 2m (the number of
particles in dTdy is 2m{(T,H) dTdH). The Fokker-Planck equation
in energy-cosine pitch angle coordinates is

2
df d d ) 2
B A - — f(&T) + — - f{(a
2 2
2 1 3 2 )
TY+ = —= ({(&7T . 5:21)
+aua‘r£<°“A‘) 2 .2 ((eT)”) (

The Fokker-Planck equation represents a diffusion in velocity
space (References 24 and 26). Particles starting in a group at one

point in velocity space eventually will become difficult to identify as

members of the original group. However, after a finite time interval,

the particles that were originally traveling together have not only
different velocities but also different spatial positions. It is neces-

sary to define the distribution function so that it is spatially invariant

when collisions are ignored. This requirement is not always trivial.

Usually, the distribution of velocities 2t a fixed point(or surface}is
adequate to determine the behavior of the entire ensernble (Section

3.6).

THE DIFFUSION EQUATION AVERAGED ALONG A FIELD LINE.
The Fokker-Planck equation can often be reduced to an equation in tv.o
variables, say x and t. If it happens that a particular solution, fg. is

known for which 2f/3t is zero, then there is a simple relation between
the coefficients <A x> and <(A x)3> :

1 2 2
fs (6x) = 5 5—f, ((6x)%) (5-21a)
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(For examples of cases where this applies, see Sections 5.4, 3 and 5.5.)
If the second coefficient is replaced by

Dyx * 2 {(tx°)

the Fokker-Planck equation reduces to

3f f ~f e e
Dxx(“'? g.xi) . i2-21H

This equation {Reference 1601, or s more usual form

o»l‘;,

ollol
| .

3{

—

0'] Ry
§U
w
(V)
»
¢
—
o

is immediately recognizable as the diffusion equation.

When the variable x is changed to a new variable, say y, the diffu-
sion coefficient, D, must be altered to preserve the form of the dif-
fusion Equation 5-21c. From the remarks above, it foilows that the
new diffusion coefficient is related to D by the formula

2o\ 2
N 5.
Dyy '(ax) Dy - (5-21d) v

It is often feasible to establish a coordinate system in which the
diagonal Fokker-Planck coefficients (e, g. <A“AT> ) are zero, and pitch
angle or some closely related variable is the primary variable. The
contributions to 3f/3t due to energy diffusion and pitch-angle diffusion
are additive, so it is meaningful tc speak of the pitch-angle diffusion
equation:

2 2f

\

of 2

LS = =Dy — | . (5-21e)
(Bt)—r = const du | HE au ¢

Pitch-angle diffusion in the geomagnetic field is complicated by the fact
that the phase space element (dudT) changes with B along a field line.
Equation 5-21le can be averaged over the length of a field line by using
Liouviile's equation (Equation 3-82) to relate the changes in the pitch-
angle distribution at the equator to changes induced Ly diffusive pro-
cesses at any arbitrary point.
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If the variable 4 is transformed to its value at the equator. M,. and
the pitch-angle diffusion equation averaged over a trapped particle tra-
iectory, the result is

= ; ds /. ds
D =¢ D —_ =
“OHO ? u()“(‘) M "b) [
B_ u Y ds i5-218
. o]
= ¢ D““ B “—c "y z!

'Efo 1 3 = :y )
T o tyhy T (5-21g
c tbHo 3#0 “0“<)b °© '3“0

where the subscripts o imply that a variable is evaluated at the equator.
If the pitch angle, ao, is selected as a variable, the averaged diffusion
equation is

A, 1 2 [ o

_— . sin 2@ —— 5-21}
S Toeinzay 56, Daja b, sin 20, | (5-21h)
{(Note that D =D (sin @ )2 )

‘ HoHo %%, To '

A useful way to treat the loss coue is to assume that particles with-
in the loss cone (K, > Yo or &, < g.) are lost, on the average, in half
the bounce period. The diffusion equation within the ioss cone vecomes

a, 1 [ a8, fo
el — |D th By T -5 (Mo 7He - .
YT O A R N T I (5-211)

A special caution is necessary in the application of Equation 5-211; it

is strictly valid only in the case of strong diffusion, when the last term
on the right is no larger than the other terms. Otherwise, it yields
distributions which fall off precipitously at the edge of tihe loss cone and
which give nearly correct loss rates, but the observable distribution ir

the loss cone does not necessarily resemble the soiation of Fguatien 3-21%.

A diffusion equation like Equation 5-2lc can be solved by finite-difference

techniques. However, care must be exercised in constructing the finite-

difference matrices to ensure stability and conservation of particies. The
iterated solutions at the points t; - 6t must be used to correct the approxi-

mations to the x derivatives used in stepping forward from t; tot, - Ot

[OOSR
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or the solution will be unstable no matter how 3mall the time step 6t ‘Re-
ferences 207 and 208). Some general methods are described in Refer-
ences 208 and 209. The treatment of the boundary of the loss cone is
another troublescme problem in any solution of the pitch-angle diffusion
equation.

g
Y

An eigen-function solution is often more practical and more illumi
nating than a finite-difference solution to the pitch-angle diffusion
equation (References 10,35, and 30). Fach eigen-mode decays expo-
nentially with the time parameter T The complete solution {suvbject
to appropriate boundary conditions) is

-

“tiT I,
f(bg,. ©) vggk () e 'k (5-21)

The eigen-value equation for the g 'S is

b 1 3 1= 3g .
— g, + — — |ID tou. —kl=0, (5-21k)
Tk K “o ;-p,o uouo b*o 5“0

g
3
J
:
g
b

If solutions to Equation 5-21k exist, the eigen-mode approach is feas-
ible; frequently the diffusion coefficient and bounce period must be t D
rather crudely approximated in order to derive manageable solutions. -

CUMULATIVE DEFLECTIONS IN AN IONIZED GAS. Parallel
and transverse deflections may be decomposed either with respecc
to the direction of the initial velocity or to the directicn of the
magnetic field. A particle traversing an ionized medium will ex-
perience small random deflections every time it comes near enough
to an electron to be influenced by the field around that c¢lectron.
Figure 5-3 shows the trajectory of a charged particlc in a fully ionized
plasma. The dots represent electrons; the dashed circles represent
the Debye spheres with a radius egual to the Debyce length, (Actually,
many electrons might be found within any individual Debye sphere.)
A fast charged particle is affected by the nearly stationary electrons
only when it penetrates their respective Debye spheres,

The first Fokker-Planck coefficient <A v,,> is equivalent to a grad-
ual loss of kinetic energy. It usually is called the dynamical friction
coefficient (References 30 and 31). The averages of (A V.L> and
<A v, 8v,) in a uniform medium are expected to be zero because a
transverse velocity increment is equally probable in any direction
about the symmetry axis. The effects of random deflections are con:
tained in the remaining coefficients ((A v“)z> and <(A v, )Z> )

5-16
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Figure 5-3. The parh of o light-charged particle (an electron) in a fully
ionized gos.

Chandrasekhar has computed Fokker -Planck coefficients for in-
verse square-type forces (Reference 31). The significant (nonrelativ-
istic) coefficients for the slowing of a particle of mass m) and veloc-

ity v by free electrons (Equation 5-3b defines C, also see Reference
32) are

me r'l"\pV2
(b)) =-2C N, e O\WNVIET In A (5-22)
1l r e e
2
2 mc mpv
((8%)7) = 2¢cn_ == GN777— [io A (5-23)
l’an e
2
2 me meV rncv
Av : - .
{av )™ Cn, — 2 Nore e inA  (5-24)
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The function G is related to the error function:
2~ 2
erf (x) = ——— [ exp(-y") dy (5-25)
NE
through the definition:
erf(x) - xf— erf(x)
G(x) = 2" ) (5-26)
2x
Figure 5-4 gives numerical values of G and erf . The parameter A
is related to the number of eclecrons in a Debye cphere. Generally,
In A may be set cqual to:
3kT .
InA = ln()\D——Z)::: 15 -20 . (6-27)
C
If more accuracy is desired, the tabulations of InA by Spitzer
(Reference 32) may be found useful,
)

The Fokker-Planck coefficients for moderately high velocities
are approximately

m CZ
(v =-Cn —= = int (5-28)
I r v
2 kT c3
((bv)7)=Cn_ =5— = In & (5-29)
mlc v
PA e ¢
((Bv)) = cn =5 In A (5-30)
m

The similar.ty between !Zquations 5-28 and 5-5 is readily apparent;

the numsarical magnitudes of the logarithmic terms are actually quite
close. At incident particle velocities greater than about 4 times the
thermal electron speed, the two formulas give nearly identical results.
Only for very elow particles is Equation 5-28 preferred over Equation
5-5 (whizb i8 ilso corre:t at relativistic velocities).
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The ratio of the "diffusion” coefficient {(8 v )%) to the dynamical :
friction <A V“> is proportional to mr/ml. For protons passing through
{free electrons, the ratio mr/ml is only 1/1,836; but for elcctrons
passing through a gas of free electrons, the ratio is 1/2. Generally,
deflections are much more important for electrons than for fast,
heavy particles (Section 5.2. 1).

A useful measure of the lifetime of a particle in a plagsma is the
average time required to deflect the initial velocity through 90 degrees.
A deflection relaxation time (Reference 32) might be defined as:

2
v mv 2
fD = <A \2 = 37 e € (erf - G)ln A (5 -31a)
(bv, >
mZ 3
~ 0,002 ==X (5-21b)
n e
e

The deflection relaxation time is usually less than the energy
relaxation time, T for clectrouns, The deflection relaxation life-
time of clectrons in the outer trapping regions is on the order of 10
to 100 years.

5.2.3 Collisions in the Earth's Atmosphere (O

A trapped particle is effectively removed if it loses enough energy
in successive collisions that it i8 no longer distinguishable from low-
energy ambient particles (T 1,000 to 2,000 K). A trapped particle
also is lost if its trajectory is altered by collisions so that it enters
a low-altitude region of the atmosphere where it may be stoppcd within
a small fraction of its bounce period. Although a single violent col-
lision would suffice to gsubstantially alter the pitch angle, a large
number of successive small deflections can have the same effect.

The earth's atmospheric density, o, decreases with altitude, h ,
roughly according to the hydrostatic cquation:

dihf’e £ exp(-n/m) (5-32)
The parameter H is called the scale height. The scale height in the
lower atmosphere is of the order 7 kilometers, so the number of
molecules and atoms per cubic centimeter falls from about 1020 at
the surface to less than 10" above 120 kilometers. The scale height
increases in the upper atmosphere, but the number density still is
generally less than 107 atoms per cubic centimeter at 1, 000-kilometer

5-20
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altitude. Generally, trapped particles can be found with mirror al-
titudes down to 120 to 150 kilometers. Below 120 kilometers the
atrnospheric density increases so fast that stably trapped particles
never are found there. Further details regarding atmospheric param-
eters are in Section 12.

s
cemeime o WLT
—

RS 4

“ .
—

; If it is trapped so that it never comes below several thousand kilo-~
meters altitude, a charged particle will spend its life in what is
esgentially a tenuous vacuum. Its lifetime is much greater than its
gyro-period, bounce period, drift period, and other time parameters.

FrTTA.ey VR
> i

-

. 5.2.4 Loss of Tropped Protons in the Earth's Atmosphere

The loss of trapped heavy particles is analytically and conceptually

i simpler than the loss of electrons because the effects of deflections

I can be ignored. A further simplification can be achieved in neglecting

the effects of free electrons below several thousand kilometers alti-

tude. Many more bound electrons exist than free electrons in this

region (Figure 5-6). At most altitudes, one constituent of the atmos-

phere predominates over all the others. In the important altitude

| range of 200 to 800 kilometers, most of the slowing of fast particles
is duc to oxygen atoms, For rough computaticnal purposes, the

l average excitation potential of oxygen, [¥a 97.5 eV, may Le used in

Equation 5-3 or Equation 5-7. The total number of bound clectrons

1s abcut eight times the total number of oxygen atoms. Where an ap-

preciable fraction of the atmosphere is molecular and atomic hydrogen,

the appropriate excitation potential is 13.9 eV. Below 200 kijo-

meters, an acceptable average excitation potential is 1" =~ 87 ¢V (the

average for air),

|i Protons with large kinetic cnergies can be involved in nuclcar
’ irteractions (References -1, 12, and 15). This is the dominant loss
process at very high kinetic energies, above 300 to 500 MeV. The
i range of protons 1n air is compared in Figure 5-1 with the mcan free
paths for nuclear interactions. The relative energy dependence of

the competing slowing processes is such that, at energies only slightly
below 300 MeV, nuclear interactions are virtually insignificant.

At kinetic encrgies below | MeV, a proton is susceptible to charge-
exchange rcactions with hydrogen and oxygen atoms. After picking up
an orbital electron, the neutralized proton-now a hydrogen atom -
likelv will escape the trapping region before being reiorized. Because
of the accidental equality of their ionization potentials, oxygen and

i hydrogen have a resonance in the charge exchange reaction with pro-
tons (References 18 and 19). The charge-exchange cross sections
; for pretons in hydrogen or oxygen is of order 10'1‘5 to lO'M square
i centimcter up to 10 KeV {(References 16 and 17). At higher energics,
SN charge-exchange rates fall rapidly. The mean path for charge ex-
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change is shown in ¥igure 5-1. Clearly, charge exchange must be
the dominant loss proceos for protons with energies less than 100

KeV. Above 1| MeV, charge exchange is negligible. ({Alternating

neutralization and iorization of protons mirroring at low altitudes
might result in a diffusion across field lines (References 33 and

AR 1 AR
A
.
’

F 34). This process is not likely to be significant except for protons
F(« that penetrate so deeply in the atmosphere that they are already

g” near the ends of their trapped lifetimes, )

L

i

3 The total rate of removal of protons from a volume in phase space
F (References 11 and 12) is

‘ i Y'Y P SN

b “‘a(z ) —_-a—crl_—[f(’r)%-}]-f(”f) vzk‘ n ol[(l”‘“] . (5-33)

The first term on the right of the equal sign in Equation 5-33 is due
to the gradual energy loss. The last term on the right takes account
i o{ violent interactions (nuclear reactions or charge exchange).
: lossf . . . .

0L is the cross section for the reaction and n; is the number
density of the reacting atoms (or nuclei) of specics k. Lifetimes
for trapped protons predicted according to Equation 5-33 are shown

in Table 5-2. - :
H |

patit AU AR 4

Table 5-2. Energy loss lifetimes of trapped particles with pitch
angles near 90 degrees (References 11 and 12),

Trapped Particles L(:o;;)z L(;ealf;;) (;;:)
300 KeV Electron 10 6 20

2 MeV Electron 100 60 200

10 MeV Proton 50 30 100
100 MeV Proton 1825 1000 (not trapped)

In equilibrium, the trapped proton loss rate must bc balanced by
the production rate, The production rate will include an exterral
scurce of strength q (per eV per cubic centimeter per second) plus
the production rate cf secondary protons originating in nuclear re-
actions. The secondary production rate caf be written in terms of
a cross section for secondary production ¢:7k'mcl and the fractional
probability W( Tl. Uc’\ -T, by ) that a reaction induced by a proton with

5-22
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(~ i energy T’ and equatorial pitch angle cosine ulo will yield a proton
with energy T and cquatorial pitch angle cosine p . The loss and
production rates should be averaged over the particle trajectories

- and equated. The result is the steady state equation (References i,
12, and 35):

fo(’,‘, uo)v has been replaced by the equatorial intensity jo(‘l‘, uo) .

The horizontal bars denote trajectory averages, l.e.,:

S
o m 5
(j)xds 'rS XE
- - m o R
X = S 3 - . (5-35)
6 ds pmods
v H
'Sm

A golution of Equation 5-33 for the case of negligible sccondary
production (Reference 35) is

o a7\l 2 —_—
J(..H)=(a—s) __Fd'."'q(”:,u)
T

o o 0
b ] ———
X po e fdTY [loss] . \
exp ‘lm d1 (ds) 12{ nkok . (5-36)

The exponential function accounts for nuclear coilisions. This {actor
can be significant only for particles with high kinetic enerygles and
pitch angles sufficiently small that they will dip low into the atmos-
phere and cncounter many nuclei with large cross svctions, O[IOSSI,
If the source g is fairly uniform, the form o: i, 's determined
primarily by the variation of dT /ds due to the atmospheric density
distribution. Ir fact, )
the total number of electrons cncountered along the orbat. There-
fore, on low L-shells and f, should be strongly dependent on

pitch angle.

should be roughly inversciy proportional to
Vo

That ), depends very strongly on mirror latitude means that the
omnidirectional flux J_ on the cquator should mcrease rapidly with L

5-23
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on low L-shells. The actually obscerved altitude dependence of I, 1s
consistent with atimospheric collisions being the predominant loss

mechanism for protons below L = 1.4 (Relerences i1 and 33).

Actuaily, on low L-shells, nearly all the trapped-particle depletion
occurs within the South American angmaly region (Scction 2.4, 2;

References 35 and 36). Thereiore, the trajectory averages (Equa-
tion 5-35) should be average also over longitude.

EAST-WEST ASYMMETRY., The spatial.gradient of proton
fluxes at low altitudes results in an excess of protons moving east-
ward. This is simply because protons moving towar: the east have
guiding centers above the point observation. Protons moving toward
the west have guiding centers below that point., The particles with
the lower guiding centers are trapped on lower field lines and, con-
sequently, are lost more rapidly to the atmosphere. The ratio of
eastward-lo-westward intensities {(References 37 and 38) is

M: €Xp (?.pC cos I/H) (5-37)

JHwest)

whesre 0. is the gyro-radius and I is the field-line inclination. The
cast-west usymmetry has been utilized to derive scale heights H
within the upper atmosphere (Reference 39),

(The current that results from the inequality of fluxes in oppousite
directions is analogous to the current in Equation 3-101, which depends
on the gradient of particle pressure.)

5.2.5 Loss of Trapped Electrons in the Atmosphere

The deflections of trapped electrons entering the atmospheve are
fully as important as their loss of energy. For that reason, the Fokker-
Planck equation i3 especially well-suited to the problen: of the agepletion
of trapped electrzn belts. The Fokker-Planck coefficients must, however.
be averaged cver the trajectories of tha trapped electronsy (see Equation
5-21g); the averaged coefficients in T'“o coordinates are (References 10
and 35; see also Equation 5-4)

T o2
2 T.\/'I‘fmcc
<&'I> = -Qv€nk ZkLn_ﬁ——‘Z‘ (5-38a)
— 21""\,’"18(
. dT (5-38bl
dt
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: o 2 v T 2 3, 2 (o] ) kk )
j X (r+2mec ) Ho {(l-u < [mln]k
§
3 (5-39)
Y
1 ' 2
2 m ¢
. 2 ~ C e 1 (l-u ) 2 2 2 . -
{i ] T(r*Zmec )yoz (1 - Kk minlk
3 !
. (5-40a)
: j =27 Diko) (5-- 5b)
S i TT - 2m c2)
5 I H (-]
; i § 8Tou ) = 0 5-4
5 : ( 4o (5-41)
| ‘ '
SN {n=~o . (5-42)
i

The number of orbital electrons in an atom of species k has been denoted
by Z,. Only the dynamical friction (Equation 5-38) is proportional to
the total number of bound electrons — the other coefficients contain an
extra Z factor. The minimum scattering angle in the center-of-mass
frame is @[,,jn]- The Fokker-Planck cnefficients have been evalvated
and can be found in References 10, 35, and 3o,

—

The Fokker-Planck equation for the atmospheric loss of trapped
, electrons reduces to a diffusion-type equation for the distribution func-
tion at the equator f; (T, K,) (in particles per unit energy, per steradian,
per unit volume) (Reference 10):

v

a (T, u) 1 a 4T
: 3t 2mw, T t
i s 2 2 Ibipy) bt HolT 4o) (5-43)
' Ho by, Sk o’ Fo'b g

where t, is the bevnce period.

The encrgy loss pavt of Equation 5-43 could have beean written in
terms of the total nurnber of particles in a magnetic fiux tube per unit
Ly, per unit cross eecticnal area at the equator:

F T

Ny (T, ) = 2mf (T, ug) vig ty - (5-44)
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The pitch-angle deflection part of Equation 5-43 describes a diffusion
process in pitch-angle space (for a further discussion of pitch-angle dif-
fusion see Sec ion 5.5 5).

. The coefficients dI/dt and D are both extremely sensitive to Y, near
; { the atmospheric cutoff, It is primarily this fact that has prohibited

2N analytic solution of Equation 5-43; the sulution has been generally

& through numerical computations (References 10, 35, 36, 40, and 41),

o The results of a sample calculation, assuming injection strongly

%‘ concentrated at one energy and pitch angle, are snown in Figure 5-5,

r In the figure, injection into the trapped-radiation belts was concentrated

at an equatorial pitch angle &@ = arc cos g, = arc cos 0.25 and a kin-
etic energy of T= 1.5 MeV. The successive views represent ' snap-
shots' at the times 90, 190, 365, and 900 days after the initial injec-
tion event. The flux intensity j(cm‘zsec"ll‘deV‘lster'l) is given as

a function of u and kinetic energy T. The effect of collisions is to
broaden the distributions and degrade the energy. Eventually, of those
injected at an intermediate pitch angle, the only trapped particles re-
maining have mirror points near the equatorial plane.

(b e R A

N

TSI TINF

Below L = 1.25, agreement of thcory and obscrvation leaves
little doubt that, during periods of weak geomagnetic activity, elec-
trons are lost primarily thrcugh atmospheric collisions. The elec-
tron fluxes resulting from the Starfish-high-altitude nuclear cxplosion
decayed by as much as an order of magnitude within the first few days.
During this time, several competing loss mechanisms may have been
effective. After several wecks, the major irregularitics in the pitch
angle distributions disappeared and the decay leveled off to a nearly
exponential behavior. By that time, the exponential decay rates were
about the same everywhere on any L-shell. Observed and predicted
decay rates are chown later in this section (Figure 5-13).

Above L =~ 1.25, the decay after several wecks was exponential
but the observed fluxes lay somewhat above the theoretical predictions,
This seems to imply either an additional steady source of electrons or
displacement of electrons toward lower L-shells (Reference 42). Dif-
fusion of particles azross L-shells seems to be the likeliest explana-
tion. This topic is discussed in Section 5.4,

In the outer part of the trapped radiation belts, intensity variations
occur over short time intervals that cannot be reconciled with slow
diffusion and atmospheric loss. Lifetimes of some outer-beit particles
may be as short as several days. Although the depletion of trapped-
particle belts through atmospheric collisions is always effective, ad-
ditional loss processes of comparakle importance must be considered,

4

i
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. 5.3 INJECTION Or TRAPPED PARTICLES
e THROUGH NUCLEAR DECAYS

5.3.1 Injection of Trapped Pasticles

o The source term. q(T, K,)), in Equation 5-34 represents the in-

J stantaneous appearance of trapped particles with a given energy and
piteh angle. Charged particles may be introduced in many ways--as
products of fission fragment decays (the decay of fission fragmants
is discussed in Section 12), as products of neutron gecays, as products
of ionization, cr as products of charge-transfer reactions(ketween
atoins and ionsk The decay of a neutror leaves behind a fust proton
and a fast electron. This mechanism, which will be discussed in
Section 5. 3.2, therefore would appear a likely source «f eithe:r kind
of trapped particle.

T T

"

c"‘?‘

The rate of injection (T, p, S. ¥) genearaily depends nct only on
energy, 7, and pitch angle, u, but also on location on the field line,
S, and on azimuthal angle, ¥, referred to the fieid line. The ratc
of increase in (T, Y, S) (averaged over ¥ ) due Lo injection in a

segment 8S of the field line is

2m
dt B nTuvt

(5-45)

NI e M s e ST SR Al )

b

Note the factor y in the denominator—isctropic injection does not s
result in isotropic trapping. With the aid of Liouville's equation
(Zquation 3-82) the rate of increas« in { (T, yo) at the equator due
to injection everywhere on the field line can be found. The result is

2n
s
AT, b) ¢ m J"Odwq(T,y,s,w)

= ) (5-46)
dt 2nd %§

L ' The integration must follow a particle trajectory. If the injection
- rate is independent of ¢, the rate of increase is just glT, uoi, as
1 ' discuussea in Section 5.2, 4.

|

5.3.2 The Cosmic Ray Albedo Neutron Theary
VAR of Trapped Radiation Belt Formation

Tle albedo neutron theory of the trapped particle belts may be
briefly outlined thus (References 11, 12, 43, and 44): (. osmic rays
colliding with atmosrpheric nuclei produce neutrons; some of these
neutrons, the albedo neutrons, leave the ~.tmosphere, whereupon they
decay leaving in their place charged particles that can be trapped.
The expected numbers of trapped particles depend on the rates at
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which neutrons leave at the top of the atmosphere. The outgoing
neutron flux is very uncertain though it appears that a substantial
portion of the high-energy trapped protons below L =~ 1.5 may be ac-
counted for by decay of albedo neutrons (References 11 and 12).

A M A o AT Y Y bt

Neutrons are produced by cosmic rays in (p,n) and similar reac-
tions (References 45 and 46). The neutronc may decay in flight, with
a half life of about 1! minutes or, more probably, may be lost in
atmospheric collisions (Reference 47). Very few neutrons reach low
enough altitudes that they can be easily detected. Direct observations
of fast neutron fluxes is hindered by experimental difficulties so the
neutron flux at high altitudes i3 poorly known. Most estimates of albedo
neutron fluxes have been derived from the basic processes affecting
reutrons rather than from extrapolations of observations (References
46 and 48 through 52). The number cscaping, which is not a large
fraction of the number produced, is therefore very uncertain,

High-energy neutrons, say at kinetic energies greater than 50 MeV,
are deflected orly slightly in the atmosphere. Therefore, the fast-
neutron component of the albedo fiux escapes nearly tangential to the
borizon—being produced by cosmic rays with paths that do not inter-
g :ct the earth's surface. The angular spread of the emergent beam
of neutrons is determined primarily t.v the angular distribution of i
particlee produced in cosmic ray 'stars' (Reference 45). Fast |j~'\
secondary particles in turn may interact with other atomic nuclei }
about three fourths of all neutron-generating interactions are due to
secondary particles. Most of the albedo neutrons with kiuetic encrgies
greater than 1 GeV are in a beam less than 10 degrees wide. Only
below 60 MeV is the width of the beam more than 60 degrees.

There is a latitude variation in the energies of cosmic rays which
can penetrate the atmosphere; this is a consequence of the fact that
cosmic ravs cannot enter the forbidden regions discussed in Section
3.2.3. At latitudes beyond 60 to 70 degrees, solar cosmic rays can
penetrate the atmosphere and contribute to the neutron albedo. The
kinetic energies involved are moderate, 10 to 100 MeV, and the
neutron production rates are expected to vary throughout the 11 -year
solar cycle. Neutrons are produced nearly isotropically in the center
of mass reference frame. The angular distribution of albedo neutrons
is therefore fairly hroad (References 11 and 12).

Each neutron decay releases a proton with a kinetic energy nearly
equal to that of the neutron. High-energy protons can be injected
only when the projection of the initial velocity vector is tangent to the
top of the atmospherc. The rate of injection can be approximated by:

dS
AT, u ) Pnw.s) =
T Q1) (5-47)
7]
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where N is_the fraction of the trajectory over which injection is pos-
sible and @ is an ecquivalent isotropic injection rate. Figure 5-6
shows how the pitch angle cone of halfwidth @ _ at any point on a

field line intersects ihe earth's atmosphere. Only within the shaded
strip of the figure can nuutroas be emitted (from the top ot the at-
mosphere) that can decay at! point P, thus rcleasing protons with the
pitch angle ¢ _ . Some pitch angle cones intersect the carth at all
azimuthal angles; others do not intersect the earthanywhere (e.g. small
pitch angles near the equator. It is evident that only a very small

T T T -7 g S T R S S

FIELD LINE

oRRle o SR
AR

hi

i R

dp CONE TANGENT
TO ATMOSPHERE

Figure 5-6. The intersection of o pitch angle cone with the earth's surface.
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Al coefficient n for an isotropic neutrun flux emerging from the :
?z‘l ! . atmosphere (References 11 and 12). !
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part of the pitch angle cone is within several degrees of being tan-
gential te the atmosphere. Low-energy protons (TS 50 MeV) are
injected ncarly isctropically; nis then just ihe fraction of the pitch
angle cone that intersects the carth. Some computed values of 9 are ‘
shown in Figures 5-7 and 5-8. In Figure 5-f, above T = 50 MeV, the !
elfect of the finite width of the albedo neutron beam is included. The i
pitch angle dependence is nearly the game as in Figure 5-7. !
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Energy dependence of average clbedo neutron injection coefficient
(References 11 and 12). Above T a 50 MeV, the effect of the finite
width of the albedo neutron beam is included. The pitch angle
dependence is nearly the same as in Figure 5-~7.
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The high-energy protons of the lower trapped radiation telt are
fairly well accounted for by the albedo neutron-decay theory (Ref-
erence 12). The slope of the observed energy spectrum above 50
MeV is matched well by the predicted spectrum (Section 4.2). Some
recent studies combining neutron decay and radial diffusion are dis-
cussed in Section 5.4.4. At lower kinctic energies, the numbers of
trapped protons are much too great to be attributed solely to decay
of fast neutrons. The low-energy albedo neutrons produced by solar
cosmic rays might yicld appreciable numbers of low-energy protons.
However, these solar cosmic ray albedo neutrons cannot reach the
cquator at low altitudes; they cannot be responsible for an enhance-
ment of trapping of protons with large pitch angles.

LOW ENERGY ALBEDO NEUTRONS., High-energy trapped protons
can be attributed to decays of fast neutrons. The same source is rela-
tively ineffective in producing trapped electrons; the low-energy trapped
electron number density is nearly everywhere much larger than the
trapped proton density. It has been suggested that the electrons could
be injected by low-energy albedo neutrons (References 43 and 44), How-
ever, neutrons with kinetic energies below | MeV are deflected appre-
ciably within the atmosphere. For that reason, considering a diffusion-
type prohlem is necessary to obtain the albdeo flux,

For any quantity that is transported through « material medium,
in this case ) (the number of ncutrons per square centimeter per
ster per sccond), a Boltzmann-type cquation can be formulated. The
Boltzmann equation (Equation 3-91) gives the rate of change of a
number density in a volume element that follows the flow. The gen-
eral transport equation for j in a plane-layered medium (References
53, 54, and 55) is

g Qlf—é—hﬁ—h—’ ¢ T Ch) no(T, L)

@ (5-43)
" nl ’ l
= (T, L) s 2dT Al (7L h) ne (TR W(TL =T, D)
-~ .
“here hois the depth measured perpendicular o the layers.  The

first term on the left cnotes the rate of depletion {or augmentation)
of a stream of particles moving at an angle arc cos { from the normal
to the plane (note the similarity to kquation 3-%4 when §is replaced
by u”). The sccond term is the rate of loss by collisions, © is the
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total cross section, and n is the number density of scatterers,

P ticles are added o the stream by a source of strength q. or by
sCatiering, with a fractional probability W, from all other energies,
T’, and angles, arc cosine {’. Slow neutrons scatter alinost
isotropically, in which case the scattering probability gW is equal
to the product of a constant gg (which, of course, must be less than
or equal to o) and W(T'—~ T ).

When Equation 5-48 is integrated over £, a simplified equation ig
obtained in terms of the omnidirectional neutron flux J an<d the flux
across a constant-h surface F (Section 4.5.2; Reference 53):

an aJ—lgh' + JT)no = Q(7,h) + [ dT (T ) ne w(T'~ 7) (5-49)

-
1

where Q now represents an average source strength:
1A
Q(T.h) = 3 [ dla(T, L.h) . (5-50)
-1

Eguation 5-49 can be solved by standard nun.erical methods (Ref-
~rences 48, 53, 54, 55, and 56).

Equation 549 has a form that resembles a conventional diffusion
equation. In the lower atmosphere, where the mean path lengths
are so short that j is nearly independent of §, the first term in
Fquation 5-49 may be replaced by

CACEY

3h oh

ID i< o diffusion coefficient (References 46, 51, 52, and 84). Un-

fr nately, the free paths of neutrons near the top of the attosphere
are large compared with other dimensional parameters. Conscquently,
the anisotropics are great enough that the diffusion equation solution
does not give erntirely reliable results for the flux at the top of the
atmosphere,

“nadditional complication is that neutrons of cnergics much less
than ' ¢V cannot leave the carth's gravitational ficld,  This has the
effec of increasing the rate of neatron decays near the earth, though
*he albedo 1s diminished only slightly (Reference o).
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Various solutions to tie neutron-transport problem have appeared.
They arc all normalized to rmeasured fluxcs of neutrons of cosmic
rays obscrved at iow alti.udes. ¥Figure 5-9 shows computed rates of
neutron decays near the earth. Thkz2se should be the same as the rates
of electron injection (References 44, 45, and 46). The electrons re-
leased from slow neutron decays above the atmosphere are injected
into the trapping regions nearly isotropically.

Albedo neutron decay is definitely inadequate as the sole source of
trapped clectrons (Refzrences 35, 43, and 44). Additionally, it is
significant that the encrgy spectrum of trapped electrons is much
different from that of the neutron decay component (Reference 57).

5.4 NONCONSERVATION OF THE THIRD
AD!ABATIC INVARIANT

5.4.1 Hydromagnetic Stability of Trapped Radiation

Simple two-particle interactions arce inadequate to cxplain all the
observations relevant to trapped particle sources and losses.  The
reinainder of this chapter is concerned with the »ffects of plasma
oscillations and collective behavior of large nu.nbers of particles.
A first consideration is whether the trapped radiation belts are
always stable against gross instabilities, primarily involving viola-
tion of the third adiabatic invariant & .

The J x B term in the mechanical force cquation (Equation 3-100)
can be simplificd readily with the aid of Maxwell's Equations (Equa-
tion 3-108). The result is

s - 3 BR
JXB:-V%?’rV-L—;_ (5-51)

The expression on the right of Equation 5-5] may be identified with
the divergence of the Maxwell stress tensor (Reference 58):

[~ 7
1.2 1 2 1 2
sB_ +=B +5B -B B -BR B
i x 2y 2 'z Xy x 2
= 1 1 2 1.2 2
= — -t - " - - _
‘ T in ’nyBx Z“x ZBV t5 B nyn
1.2 1 2 1 2
L - Bsz - H7.B~ ‘:B 4 sz - sz_J
(5-52)
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The mechanical force equation then can be written in the concisc form:
v = =
— = -V. (T + P) . (5-53)
ot

The magneto-mechanical stresses arce cquivalent to & prescure

B2/87 transverse to the field lines and a tension B%/8n along the

ficld lines (References 32, 58, and £9),

The ratio of the transverse particle pressure to the magnetic pres-
sure is a uscful criterion of the relative importance of parti~les versus
ficld (Reference 00). 1If the ratio

2
yiv,

[all particles] (5-54)

Bp - :
B /8n

is much greater tine s unity, the medium behaves as a classical fluid
and the magnetic ticld has little effer t on the gross raotion. Con-
versely, if Bp is extremely small, so little energy is conta-ned in

the particles that the effects of collective behavior are likely to be
insignificant. When BP is computed for observed naturally trapped
particles, the result is generally much less than 1. if ﬁp ‘in any part
of the radiation belts) shouls? ever exceed about 0.1. the radiation
belts would very likely exhibit all the types of plasma instabilities ob-
served in mirror machines in the laboratory (References €0. 61, and
62).

The parameter Bp is nearly the ratio of particle kinetic energy to
magnetic field energy. The magnetic field energy contained within a
narrow range, 0L, of L shells between the twc conjugate intersectiors
with the atmosphere is

z Rg B i oL . (

U
1

¢ ]}
1}

oW =

The total integrated magnetic energy between tiuc Za:th's surface and a
shell of field lines is sheowa in Figure 5-10. (The unit of energy in the
fipure is equivalent megatons of TNT explosive energy; 1 M7 = 4.2 X
1022 erg.) The total kinetic energy of the particles trapped within an

L shell is not expected to appreciably exceed the magnetic field energy.
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“,‘Q \ ’sually Bp varies considerably along a field line. although in most

=Y observed cases of distributions stable over periods of days. the largnst
! ' Bp is generally at the equator. The largest Bp can be used to estimaie
j p - the saturation fluxes for any assumed pitch-angle distribution. A rea-

sonable upper limit for Bp might be somewhat less than 1-perhaps of
; the order of 0. 1. The limit on Bp is invoked in Section 7.3.2 to pre-
' P dict the maxiinum trapped fluxes thit might occur following a high-

: altitude nuclear detonation.

If all the trapped particles are assumed to nave the same energy,
the maximum B can be computed for a pitch-angle distribution of the
: form {this is very nearly the distribution which would result fro:n
pitch-angle diffusion alone on moderate and high L-shells; see also

‘ : Section 5.5.5 and the ioliowing)
| ‘ 24n 2 an/2
' Jo T Jolke - B } lul = .
8mu
i [
. = 0} ful >u, . (5-56)

The omnidirectional fux in the equatorial plane is J_. For alln 20,
the minimum Bp occurs at the equator. The maximum flux, in terms
of the assumed pressure ratio, is

2

—

: Io = 2efe , . ui 8/(6+n)(4+n)] (5-57a)
; 81rL6p
: ! 13 Bp (6+n)(4+n)
L & 7.2 x 100 Teviel 6 Cpp—
Ty piMe Vel L% (6+n)(44n)-8]+ 8L°/v3-3/L

DI (5-57b)

where the atmospheric cutoff has been substitute:l for M.

5.4.2 Interchange Instability in the
Outer Trapping Regions

e e e e

A plasma may be expected to be confincd by 4 magnetic field that
provides a sufficiertly great magnetic pressure on the exterior to
counteract the particle pressure of the plasma that is secking to
escape. This is not always possible, though. The 1nstability that
results if two fluids (in the present case, a plasma and a magnetic
field) can exchange positions with a conscquent decreasce in total

[
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energy is known as the Rayleigh-Taylor instability (Reference 5§),
This instabhility is well known from carly laboratnry studics where
it was called the fiuting or interchange instahility because 4 plasima

boundary tends to broak up into grooves or “flates™ as the plasma
andd ()').

leaks out, carrying along the ficld lines (Referencea 60, 61,
Gererally, whenever ficld lines at the plasima boundary arc convex to
the esterior, an instability results (Reference 673).

The criterion for stability at an interior point is rather compli-
cated. Though the lield lines may be convex in a direction toward
which the particie density decreases, the plasma may be stable
everywhere except on the extreme outer boundary. The plasma par-
ticle pressure in the exterior region may be greaters than the interior
pressure; the growth of instabilities thereby is restrained.

'}"he total erergy of all the particles on a field line is proportional
to yH(M,J,0,8) (M, J,H)dMdJ whereH is the Hamiltonian an’ M
and J are the first two adiabatic invariants {References 64, 65, and
66). The Euler potentials, & and B (Section 3.4.1), are especially
useful in treating hydromagnetic stability. The plasma is stable only
if any exchange of two field lines and their associated trapped particles
results in an increase in the total energy. With the assumptions that
the adiabatic invariants M and J are preserved and that the Hamiltonian

depends on unly one spatial coordinate ¢, the necessary and sufficient i
criterion for stability (Reference 6€) is -
dM, d (aH)3 af 0 (5-58)
JlT— = < . -
J ' H
da SV

Thke notation (3/8H) \q; refers to a partial derivative in which M
and J are held {ixed. Often the sufficiency criterion alone:

(%T:) <0 ;all M, J (5-59)
M, T

nced be considered.

The stability criterion would be satisfied for almost any particle
distribution if a minimum with respect to & and 3 existed in H. All
the particles in such an energy well would have minimum cnergy and
escape from the well would not be possible. In a dipole field, no
energy wells occur, so examining the dctails of the distribution
function is necessary to determine whether Equation 5-39 is satisfied.

The assumption that { depends onlyv on one spatial coordinate is
entireiy, 1ustified for a geomagnetic ficld that has a high degree of

5-40
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axial symmetry, The particle distribution function must be related,
however, to the distribution in T, M,, L. or T, B, L coordinates if
meaningful ¢ nparisons are to be made ith actually observed par-
ticle fluxes or intensitics. Some of the ¢etails of the transformation
are given because the intermediate results may be of general utility,

The distributicen function f can be replaced by N(M, J, a), the
number crossing the equator per unit magnetic flux, dad 8. The
total number of particles per cnergy interval and per M interval in
a magnetic {lux tube of crass section RodRodé is

N T,uo, RO) R()dROdQS =) N(M,J,a)dadB . (5-60)

The adiabatic invariants are related to energy and pitch angle through
the Jacobian

_ (ML) sM 234 AM 3J
) : 3 M 3J (5-61)
A & A A A
S(T.H )~ | 3T 24~ 34_aT
. -%p- R b 8(u) (5-62)
20 O O n

where (K ) is just vty /R, as defined in Equation 3-47. Now the
coordinate 8 may be chosen equal to @, the azimuthal angle or lon-
gitude. The corresponding o is ’ME/RO on the cquator, where the
magnetic flux clement is

dadB =B R dR d¢ . (5-63a)
o O Q ’

The relation between the previously defined two distribution func -
tions 1s

N(T, B ,R )= R ypH 8(K )NM I, a) . (5-63b)
o' o 0 0 0
The left-hand side of ~.quation 5-63b 1s related to the intensity

(Equation 3-44). The relation between intensity and total number of
trapped particles reduces to (References 68 and 69):

1 (Toa,) UM TR )
M Vi ', - = - 5- ‘

N(M, J, a) Znm 5 B‘R (6-644)
B 3 ]

~ 1 —— ‘ low energics . (5-64b)
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The partial derivative with respect to H in the stability criterion
can be replaced with a partial derivative with respect to R, by the
(not obvious) relation (Section 3.4, 1; Reference ¢7):

....g... = BR .a_ = BR Eéé(a ) . (5-65)
3R oda .
o M,J

oc 3t \dH

Flowever Robﬁ/at is just the azimuthal drift velocity; therefore,
(e/c)d3B/at is always negative regardless of the sign of the eleciri-
cal change. Finally, the interchange stability criterion (Equation
5-59) is

(T, H)

: |
BaL =°. > 2 >0 all M, J . 5-66)
p M, J f

In the natural trapped radiation belts, most of the energy 1s
retained by fast protons, If the protons by themselves are stable,
the trapped electrons should not be able to overcome the inertia of
the protons. It is prebably safe to assert that the entire trapped
particle belts are stable against interchange of field lines. The
proton intensities are not well knov.n for all values of M; however,
all the available data indicate that the natural trapped radiation is
stable as far out as L =~ 5 to 6 (References 67 through 71). That
N(M,J, a) incrcases with radial distance may be taken as good ev-
idence that particles are being added continually from outside
(Reference 70). 1If particles were not continually added, the outer
boundary wonld be subject to instabilities and the conscquent loss of
particles would lead to a reversal of the gradient (Equation 5-66).

The artificial electron belts resulting from the Starfish high-
altitude nuclear explosion are a1 other rnatter entirely, When a sim-
plified model of the artificial electron disiribution is constructed and
B(jo/pz'),’a 1. is integrated over J, the nccessary stability criterion
{Equation 5.58) clearly is not satiefied (Reference 69). The results
of such a computation are depicted in Figure 5-i1l. How a plasina
behaves following the onset of instability is not very well understood.
If indecd the electrons are subject to instability and the resulting
hydromagnetic motion preserves M and J, then clectrons might be
expected to move outward with a softening of their energy spectrum.
A softening of the energy spectrum of the Starfish trapped electrcns
may have been observed, though an interpretation on the basis of
hydromagnetic instabilities is uncertain (Reference 69).

5-42
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Figure 5-11. The stability function, d(jc/pz)/dL, integrated ovar |, the
second adiabatic invariant, for the Starfish trapped alectron
{ belts (Reference 69).

The preceding discussion of hydromagnetic stability was incom-
plete because currents flowing in the ionosphere were ignored. In
i the trapped radiation belts, the field lines are effeccively '"frozen'
! into the .naterial. If an entire field line is to exchaage its position
! with another, the finite transverse conductivity in the ionosphere
results in a relative motion of material and field lines at the lower
ends of the lines. Equations 3-100 and 3-101 relate the velocity with
which field lines are dragged through a plasma to the induced cur-
rents; thus:

J=06-vxB (5-67)

L]
where 0 is the conductivity rensor. Substituting this in Equation
3-100, however, givcs a force:
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an

F = (0 vXB)XB (5-68)
contrary to the direction of motion. This force is thought to be ad-
equate to restrain the field lines and prevent interchange.

The stability of the earih's radiation belts retaining the rlectric
fields induced by plasma n.otion in the ionosphere has been analyzed
(Reference 71). The energetic trapped protons can be stabilized by
the ionospheric conductivity during the day, even if the simple stabil-
ity criteria were violated. At night, wher ionospheric electron
densgities are low, the ionosphere cannot be very effective in prevent-
ing instabilities.

=~ 4.3 Radial Motion of Trapped Particles as a Consequence of
Nonadiabatic Behavior-—=Resonant Acceleration

The interchange instability leads to nonconservation of the third
adiabatic invariant, ® . If the instability occurs in a dipole field,
trapped particles tend to move outwards, initially preserving the
adiabatic invariants M and J . But, the stability criterion (Equation
5-67) now seems to be well satisfied in the trapped radiation belts.
The intericr (particle) pressure is counterbalanced by more than
sufficient exterior (particle) pressure so that any miving of particles
on different L-shells might be expected to result in particles being
trarnspor.ed inward by diffusion (References 68, 70, and 72 through
75). 1In tact, any process that involves nonconservation of & coulc
result in inward (or outward) motion of trapped particles. Here then
is a relatively uncomplicated mechanism for maintaining the radiation
belts againnt atrnospheric and other losses. Euough particles exist
in the solar wind to supply all the trapped particles, provided they
can get down to low e¢nough altitudes,

Invariance of ® requires that magnetic and electric fields do not
change appreciably within the particles' drift periods (Section 3,
References 64 and 65). If the fields fluctuate in a regular fashion,
some particles possibly can be accelerated —somewhat as particles
are accelerated in a4 cyclotron or betatron. Several inztances have
been noted in which a recurring geomagnetic fluctuation apparently
resulted in acceleration of trapped electrons (References 69 and 76).

The requirements for an accelerating field seem to b2 met by a
coherent worldwide magnetic variation with periods of about | hour,
sometimes referred to as Dp2 or DP2 variations (References 77 and
78). Intense groups of nearly monoenergetic electrons in the lower

3
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radiation belt were observed to be associated with several such
fluctuations (Reference 76). The drift periods of these clectrons were
similar to the periods of the fluctuations, which exhibited several

: complete cycles.

:,.?_,;".'.

AL
H

Whenever the magnetic fluctuation fields are known, the rlectric
fields in the innosphere can be derived with the aid of kuown jon-

Ak Y
o %

‘5 ospheric conductivities, The majority of the electric field in the

"" DP2 fluctuatiors appcars to be a curl-free field (v X E = 0)—dcrivable
5‘ from a poutential field (Refcrences 78 and 79). Conductivitics along
3 field lines are very large, which in turn leads to potcntial gradicnts
b i that are neaily transverse to the field above the iohosphere.  Oue
fo component of the electric field will be in an azimuthal (@) direction.
;’:" This component is primarily responsible for particle accelzration

S (Reference 76). A particle with the proper drift perind and phase iz
;- in resonancc and experiences an accelerating force on each circuit
ii of the earth. The situation is not exactly cquivalent to the accelera-
’; tion of charged particles in a cyclotron. Instead, a particle drifts
E"»' irward and the resulting increase of kinetic energy is a consequence

]

AT

of conservation of M and J.

T,
s

| TRAJECTORIES OF PARTIC LES CONSERVING ONLY THE FIRST
AND SECOND ADIABATIC INVARIANTS. If the first and second adia-
batic invariants are preserved, this sirnple relation (Reference 80):

JZ 8in ao 2 ’ :
® - "(Mm)( i) ) (5-69)

results from Equations 3-46, 3-75, and 3-76. J( ) is just that part
of J that depends on the pitch angle. Equation 5-69 relates the equa-
torial pitch angle @ to the flux invariant ®. Equation 5-69 alter-
natively may be regarded as a relation between L and the pitch angle:

Pl s bt S YT
R i 3

Ji YN
- c(Mm)f— o
L= zBERE( JZ )(sluao) ’ (5-70)

COnve L and &, are known, the mirror field B, canbe found im-
mediately, Since M is assumed constant, the momentum squared
must be proportional to B as a trapped particle moves across ' d
I.-shells. Numerical relations between L, @, and B arc given 5 ‘4

ir Figures 3B-15 through 3B-19. Those figurces are plotted for i
arbitr: ry values of the paremeter J%/Nm = 214 B - :
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i

Of course, the distribution function N(M,J, @) is conserved for 1
yroup of particles that moves inward or outward together with changes

R Y "X

i\'\ : in the geomagnetic field (this is because the flux dad B is conserved).
r {I The intensity jo therefore is seen from Equation 5-64 to be propor-
* 1 tional to momentum squared.

¥

"y When the equatorial pitc™ angle is large, the momentum squared

E‘ is nearly inversely propo~tional to L.° as a particle crosses L-shells.
( For mirror latitudes less than about 20 degrees, the momentum

L squared is nearly (within an error of less than ! percent):

E{}

3 p

[ ol a Z2BM |3 —Ld (5-71)
% ; iE 27 R Vv BgMm

Or, in terms of the initial mirror latitude A |,

, 1L \3
2 _ 2 l- q . [L .
P =p |1 l.l v 5 8in xml( T - 1} 1. (5-172)

1

}o

The subscripts | refer to the specified initial values.
At low energies, the square of mementum may be replaced by the

kinetic energy. Equations 5-71 and 5-72 then give directly the energy
gain or loss resulting from cross L-shell drift.

5.4.4 Stochastic Acceleration and L-Shell Diffusion

Most gecomagnetic fluctuations are not obviously periodic (except
for the daily variation). They are randonily distributed in time, with
characteristic periods from fractions of a minute up to many hours.
A schematic representation of the power spectrum of geomagnetic
fluctuations observed on the carth's surface was presented in Figure
2-17. ’

That random, isolated magnetic disturbances can causc irrever-
sible changes in the particle distribution is demonstrated readily for
the type of disturbance known as a sudden commencement. During
a suddsn commencement, the geomagnetic field is rapidly comor~gsed
!Section 2.6.2), especially on the sunlit side of the earth, Farucics
continue to drift adiabatically in the distorted field, but now .. c. -
that were previously all on a single L-shell may be on quite d {fe1-:nt

Dt
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invariant surfaccs. The end result is that, if ti.. conipressed field

is releascd sufficiently slowly, trapped particles will be spread over
a finite rang- of L-shells (Reference 75). Repecated compressions
and expans.ons of the geomagnetic field thereby can result in diffusion
of particles.

w o P
A AT T

e — s o e bl A AMATL e Bt el

b,
5% i Any magnetic field fluctuation with a characteristic neriod near
a'-g' \ 4 the drilt period can cause nonconscrvation of the thirg adiabatic

13
3 g invariant ®,and acceleration of particles. The acceleration of a
E.’_; S charged particle by random clectromagnetic field fluctuations is
i L called stochastic acceleration (References 73 and 81). Again (as in .
f,‘" i p the treatment of particle collisions), a Fokker-Planck-type cquation ;
E i ¢ is useful in describing a process that is determined by the cutcomes
ﬁ- ‘, of many random events. The Fokker-Planck diftusion equatizn, for i
1% f the number of particles trapped in a magnetic flux tube at Ry per !
3 N . . .
é { unit area in the equatorial plane N(M, J, R}, .s expected to be of the form:
5 :
‘ 2 3N(M,J,R )
F ¥ - - 9 AR ) N(M,J,R )
-' ' at CaR[(BRY NMLIR, i
A o]

E

a L ot 2 .

i ‘- ((6R )7) N(M,J,R [+ Q (5-73a)

T ; 2 2 € 1]

L 6Rn

;

i ¢ I 2°

‘g L [nl um R -3 2 [D& N(M,J.Ro)] '@ (5-73b)

". 0 IR

! 0

X

i A source Q has been included here. A onc-dimensional diffusion

i sguation is valid if the diffusion proceeds with a time scale that is

iy large compared to all other time parameceters. If at any point on a

field line they are transferred to another field line, the particles
are rapidly "smeared' over a new invariant surface. Only on very
high I,-shells need the invariant aurfaces be specified by more than
ape parameter., In the extreme outer radiation belts, a two-
dimensional diffusion cquation invelving R or I, and some other
coordinate (such as pitcin angle @, or mirror point field Bpy,) would
be necessary (Roeferences 28, 82, and 83).

A particular solution of-Equation 5-73 15 available for the case
when the distmibution function N(M,.J, o, B) is constant cverywhere.
Liouville's theorem must apply to N, It is only necessary that par-
ticles should follow dynamical trajectcries (% need not be conserved)
in order that N remain unchanged after the exchange of particles be-
tween two invariant surfaces. The stability criterion (Equation 5-58)

t
:
4
,,,
!
'5
I
%
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guarantees that energy is not lost or gained. When the distribution
function BORON(M, J,a) (Section 5.4.2) is inserted in the Fokker-
Planck equation, the time rate of change must be zero. A solution
(References 28, 82, 86, and 87) is:

Rz 3 DZ
.o 9 f._ 2 .74
Dy =5 3 \Z) - (5-74)
o Ro

The relation between the two Fokke. -Planck coefficients should
ho!d when sources and losses are included in the diffusion equation.
Therefore, only one coefficieut need be computed:

1
- - ) -7
D 3 D (5-75)

2
<

The simplified radial, or crogs-1.,, diffusion equation may be re-
written:

AN(M,J,R )
[ 3 D d 2 -
> ”0 [Ro N(M,J,Ro)] +Q (5-76)

at aao R
[¢]

The motion of a particle during a geomagnetic disturbance
should be derivable directly {rom the equations of motion of an in-
dividual particle. The drift velaocity is perpendicular to the field
lines. The rate of change of R, must be a single-valued function of
the meridian plane component of the dri’t velocity VD (References
81, 84, B8, 89, and 90):

—————
dRo */l + 3 8in” A

—— =\ o —————— (5-77)
dt D[{meridian plane] cos’a

where A is the latitude of the particle at the instant an electric field
is apphied.

The diffusion coefficient D for a dipole field may be computed
after breaking the disturbance field B into symmetric (S) and asym-
metric (A) parts:

ﬁ] = [- S(t)cos 8 - A(t) r sjn 26cos@] r
(5-78)
+ [S(t) sin 8 - A(t) r cos’8 cos@]® + [A(t) r cos 6sing|d
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where r, é, and a) are the unit vectors in an earth-centered spherical
coordinate system and 6 is the polar angle or colaiitude. The spher-
ical harmonic expansion of ﬁl has been terminated at the first-order
terms, The induced electric field E), associated with the magnetic
disturbance, is (Equation 3-107)

2 dA
dt

s dA
dt

= 1
El=-7'r

~j

sinf sin@r - < r cos 8 sing 8

1 dS . 2 dA . .2 9 .
r[‘a at sm(‘)-ll r 5 3 - 7 sin 9)cos¢J¢ . (5-79)

The timpe average of the displa: vnment is complicated; the computa-
tion has been performed with the resuit (Reference 89):

2 10

D (L, )= znz(i‘f" (A )RiL—— [u‘p )] (»-80a)
[thay] 7" "m" "~ 7 m 2 A v=1/t a
B
E
~
2 10¢.2
= 16.55 T (A )R L (v pA(u)] (5-80b)

v:l/td

The power spectruwnm is evaluated at the drift frequency. The function
I'(km) is presented in Figure 5-12. As might have been expected,
DLmng] depends only on the asymmetric A part of the fluctuations.
The magnetic fluctuations have been decomposed by Fourier analysis
so that the power spectrum : (V) is the Fouricr transform of the
average of A(t) A(t + t'):

@

o
pA(V) = 4 "'0

dt’ [A(t) A(t +t')] cos 2mpt’ . (5-81)

the flux of energy transported by magnetic fluctuations between the
frequencies vV and V + dV is proportional to PA(U)dv .

A similar result follows for curl-free electric fields. When the
disturbance field E| is everywhere normal to the static magnetic

field, the diffusion coefficient (References 82, 88, and 89) is

6

1’z
Dy L Ap) = =53 K [P L0, ), (5-82)
8B d
E
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Figure 5~12. Latitude-depender.r part of the radial diffusion coefficient
(Reverence 89).

The power snectrum, Pk(L, V), here an explicit function of L, cor-
responds to the k'th component of the harmonic analysis of the elec-
tric field:

E¢1(L.¢.t)=k§o Ek¢(L,t)cos(k¢+w(L,t)) (5-83)
where ¢ is mecrely a phase correction. The electric field diffusion
coefficient D depends on the mirror latitude only through the

el]
drift period ty . The variation of drift period with mirror latitude is

so slight (Equaticn 3-50) that D[el] i8 quite insensitive to mirror

5-50
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latitude. Generally, the magnetic fluctuation diffusion coefficient

D is much more sensitive to mirror latitude than is the electric
field diffusion coefficient D[el . The magnetic diffusion coefficient
falls so rapidly with increasing mirror latitude that magnetic accelera-
tion effects are most important near the cquajorial plane.

The magnetic fluctuation diffusion coefficient might be computed
from a knowledge of mugnetic disturbances obscrved on the carth's
surface (Section 2.7}, But the asymmetric part of the disturbance
is proportional to radial distance, so ground-based magnetometers
are sencitive primarily to S-variations. The relation between A and
S is provided by the model chosen for the magnetic field., Some the-
oretical models have been constructed (References 89 and 91). Ob-
servational data collected with artificial satellites may be employed
to further refine the models (Refercnce 92). Attempts have been
made recently (References 93 and i) to perform direct measure-
ments of electric fields in the magnetosphero,

The spectral behavior of magnetic variations is not known with any
more certainty than is the spatial dependence. The crude spectrum
of Figure 2-17 is proportional, below about | hertz, approximately
to the -2 power of frequency. A Poy-? frequency dependence is in
agreement with most cumputations based on sudden commencements
and other disturbances with a fast rise time succeeded by a slow
recovery. For this special case, the diffusion coefficient is inde-
pendent of drift period and is just propor.ional to L10, Other as-
sumed types of magnetic fluctuations yield quite different diffusion
coefficients. Generally, for a power spectrum of the form:

pA(u)«u'" (5-84a)

the diffusion coefficient (Reference 89) is

D - L6+2n MZ-n aLlZ-n p4-2n . (5-84b)
[mag]
EMPIRICAL COMPUTATIONS OF DIFFUSION COEFFICIENTS
FROM OBSERVATIONAL DATA. The observa‘ion of an uncompli-
cated, unequivocal example of radial diffusion remains elusive.
Because the motions of individual particles cannot be traced, observa-
tions of temporal ~hanges in the trapped particle distribution must be
relied on. But a radial motion of a group of particles is subject to
being interpreted as a convective fluid motion of the entire group.
On the other hand, a decay of the trapped pari.cle flux at a single,
isolated location perhaps could be explained by some other, yet undis-
covered, loss process,
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That the Liouville distribution function N(M,J, @)} increases with
L, is suggestive of radial transport but is hardly conclusive evidence.
The most compelling evidence for radial diffusion perhaps should be
sought in the lower L-shells where the sources and losses are best
understood. It has been noted that the artificial Starfish electron
telts near L = 1.25 did not decay as rapidly as predicted from at-
mospheric losses alone. Computed and observed d- cay times are
compared in Figure 5-13. Below L =~ 1.2, the observed “ecay time
T and the decay time predicted frc1. atmospheric loss tim- T_ differ
enough that a cross ..-diffusion coefficient can be computed. The
atmospheric loss is well understood. The apparent discrepancy
could only be explained by the addition of electrons diffusing from
higher L-shells. The decay of the Starfish electrons can be rep-
resented by a simple empirical relation:

dN(M,J,R ,t) N(M,J,R ,t)
2 = - 2 y-85a)
3t T (5
where T is the time required for a decrease by a facter l/e = 0. 368,
The diffusion equation for this case can be solved analytically with
the result (Reference 42):

R

ro2fy,

. Lol NM, LR L) dR
[o] (o]

Rol Ta T
D = - — R (5-85b)
L ¢ N(M, TR 1)) ©°
2 OR Ro N(M,J, o
R (o}
o R
ol

where T, is the predicted atmospheric loss decay time. The mo-
mentum of particles is nearly proportional to B, so the relation
between n and measured intensity j (Equatiors 5-64 and 5-72) is

i T
"Ro Jo(‘ ‘“o)

2 B
3 J E
Ml+81‘r‘/RoMm 3
E

(5-86)

N(M,J,Ro) =

R

Computations thus far have been practical only for particles with
orbits restricted to the equatorial plane (where J = 0) .
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\& *
e ( 2 (1 z)
A 1t TS 1 “Ho 2 2, -1
i (ug) = -5C— -— — Wl -pleplul ot
H O 2 v T(r 2 3 / 2 C <k .
b +2mgc®) wWo” (1-4 [min]k
]
;' (5-39) |
! E
2 e mec2 1 (l-pg) 2 2 2 2. .1
: (BH,)7) = Cum — 7o WM ) Eny 7 ey s
: TT:2m 2 (1-p%) K minJk
; (5-40a)
c m ¢
: =2 D{ko) (5-40b’
} TT+ 2m cz) '
! € i
(8Tou Y = 0 (5-41) ,
t '
|
(&D%)y=~0 . (5-42) |
The number of orbital electrons in an atorm of species k has been denoted .
) by Z.. Only the dynamical friction (Equation 5.38) is proportional to | {
! { the total number of bound electrons — the other coefficients contain an s =
' extra Z factor. The minimum scattering angle in the center-of-mass PO
frame is @(,:,]- The Fokker-Planck coefficients have been evaluate< ‘ """;g' )
_‘ and can be found in References 10, 35, and 3o, i
The Fokker-Planck equation for the atmospheric loss of trapped 1,
electrons reduces to a diffusion-type equation for the distribution func- v
tion at the equator {, (T, Wy) (in particles per unit energy, per steradian, ;
per urit volume) (Reference 10): Y
s Topy) 1 2 at '-a
pay fo(r:l-‘o)"tb‘('l? j -4
, at 2mvty T .
5 i
: ! .
; s 2 oy mgt ol 4o (5-43) L
' Mo £y, 3K Ho’ Fo'b T
" ) ' "
where ty is the bounce period. ; g
%
The encrgy loss patt of Equation 5-43 could have bean written in : :
terms of the total nurnber of particles in a magnetic fiux tube per unit l i
Mo, per unit cross secticnal area at the equator: . *
: NO(T, B = Zﬂfo(r,uo) VHo t, - (5-44) ]
L oo
i 5-25 Poh
‘ i é
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’;’;"u AR . . :
SR BN The pitch-angle deflection part of Equation 5-43 describes a diffusion \
E’: - process in pitch-angle space (for a further discussion of pitch-angle dif-
e fusion see Sectior. 5,5 5),
¥ -

The coefficients dI/dt and D are both extremely sensitive to Mo near
] the atmospheric cutoff. It is primarily this fact that has prohibited .

b" analytic solution of Equation 5-43; the solution has been generally

E through numerical computations (References 1Q, 35, 36, 40, and 41).

B The results of a sample calculation, assuming injection strongly

;_,: concentrated at one energy and pitch angle, are shown in Figure 5-5.

In the figure, injection into the trapped-radiation belts was concentrated

at an equatorial pitch angle & = arc cos Ko = arc cos 0.25 and a kin-
etic energy of T= 1.5 MeV. The successive views represent "'snc:.-
shots" at the times 90, 190, 365, and 900 days after the initial injec- -
tion event. The flux intensity j(cm‘zsec"lMeV‘lster'l) is given as

a function of y4 and kinetic energy T. The effect of collisions is to
broaden the distributions and degrade the energy. Eventually, of those
injected at an intermediate pitch angle, the only trapped particles re-
maining have mirror points near the equatorial plane.

~

R S ale S

5t

Below L =~ 1.25, agreement of thcory and obscrvation leaves
little doubt that, during periods of weak geomagnectic activity, elec-
trons are lost primarily through atmospheric collisions. The elec-
tron fluxes resulting from the Starfish-high-altitude nuclear ¢xplosion
decayed by as much as an order of magnitude within the first few days.
During this time, several competing luss mechanisms may have been
effective. After several weceks, the major irregularities in the pitch
angle distributions disappeared and the decay leveled off to a nearly
exponential behavior. By that time, the exponential decay rates were
about the same everywhere on any L-shell. Observed and predicted
decay rates are shown later in this section (Figure 5-13).

Above L = 1.25, the decay after several wecks was exponential
but the obscrved fluxes lay somewhat above the theoretical predictions.
This seems to imply either an additional steady source of electrons or
displacement of electrons toward lower L-shells (Reference 42). Dif-
fusion of particles acrcss L-shells seems to be the likeliest explana-
tion. This topic is discussed in Section 5. 4.

Gl H TSy

In the outer part of the trapped radiation belts, intensity variations
occur over short time intervals that cannot be reconciled with slow
diffusion and atmospheric loss. Lifetimes of some outer-belt particles
may be as short as several days. Although the depletion of trapped-
particle belts through atmospheric collisions is always effective, ad-
ditional loss processes of comparalkle importance must be considered.

L tab F T, g
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2 5.3 INJEZTION OF TRAPPED PARTICLES
N THROUGH NUCLEAR DECAYS

5.3.1 Injectior of Trapped Porticles

The source term. q(T, ), in Equation 5-34 represents the in-
siantaneous appearance of trapped particles with a given energy and
pitch angle, Charged particles may be introduced in mary ways--as
products of fission fragment decays (the decay of tission fragmeaents
is discussed in Section 1), as products of neutron decays, as products
of ionization, or as products of charge-transter reactions(Fetween
atoms and ionsl The decay of a ncutron leaves behind a fuast proton
and a fast electron. This mechanism, which will be dis-ussed in
Section 5. 3.2, therefore would appear a likely source of either kind
of trapped particle.

’

~

The rate of injection q(T. v, S. ¥) generaily depends nct only on

'[ energy, T, and pitch angle, p, but also on location on the field line,
| S, and on azimuthal angle, ¥, referred to the .ieid line. The rate

| of increase in {{T, g, S) (averaged over ¥ ) due %o injection in a

S TIF LT IR

E segment 8S of the field line is

é- 2w ]

E af(T, p, S) . &z 9T, b8, 0)N]OS (5-45)
dt - L TAN ’

Note the factor Y in the denominator—isctropic injection does not
result in isotropic trapping. With the aid of Liouville's equation
(Equation 3-82) the rate of increase in f (T, p ) at the equator due
to injection everywhere on the field line can be found. The result is

ds "er
— |
df(T, b, ) o3 4 d4valT. .5, ¥)
—2 . Y . (5-46)
Y

The integration must follow a particle ‘rajectory. If the injection
rate is independent of ¥, the rate of increase is just g(T, U ), as
discussea in Section 5.2.4.

5.3.2 The Cosmic Ray Albedo Neutron Theory
of Trapped Radiation Belt Formation

The albedo neutron theory of the trapped particle belts may be
briefly outlined thus (References 11, 12, 43, and 44): Cos.nic rays
colliding with atmospheric nuclei produce neutrons: some of these
neutrons, the albedo neutrons, leave the atmsaspnere, whereupon they
decay leaving in their place charged particles that can be trapped.
The expected numbers of trapped particles depend on the rates at i

5-28 i
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which neutrons leave at the top of the atmospherce. The outgoing
neutron flux is very uncertain though it appears that a substantial
portion of the high-energy trapped protons below L = 1.5 may be ac-
counted for by decay of albedo neutrons (References 11 and 12).

YR & 5.

e e . 8 5 e A £

S

Neutrons are produced by cosmic rays in (p,n) and similar reac-
tions (References 45 and 46). The neutrons may decay in flight, with
a half life of about 11 minutes or, more probably, may be lost in
atmospheric collisions (Reference 47). Very few neutrons reach low
enough altitudes that they can be easily detected. Direct observations
of fast neutron fluxes is hindered by experimental difficulties so the
neutron flux at high altitudes ia poorly known. Most estimates of albedo
neutron {luxes have been derived from the basic processes affecting
neut -ons rather than from extrapolations of observations (References
46 and 48 through 52). ‘ine number cscaping, which is not a large
fraction of the number produced, is therefore very uncertain,

2, AR AT s T ey

High-energy neutrons, say at kinetic energies greater than 50 MeV,
are deflected on.iy slightly in the atmosphere. Therefore, the fast-
neutron component of the albedo fiux escapes nearly tangential to the
horizon—being produced by cosmic rays with paths that do not inter-
sect the narth's surface. The angular spread of the emergent beam
of neutrons is determined primarily by the angular distribution of i
particles produced in cosmic ray ‘''sters' (Reference 45). Fast 5'
secondary particies in turn may interact with other atomic nuclei; L.:‘

|
!

about three fourths of all neutron-generating interactions are due to
secondary particles. Most of the albedo neutrons with kiuetic energies
greater than | GeV are in a beam less than 10 degreces wide. Only
below 60 MeV is the width of the beam more than 60 degrees.

There iz a latitude variation in the energies of cosmic rays which
can penetrate the atmosphere; this is a consequence of the fact that
cosmic rays cannot ente. the forbidden regions discussed in Section
3.2.3. At latitudes beyond 60 to 70 degrees, 3olar cosmic rays can
penetrate the atmosphere and contribute to the neutron albedo. The
kinetic energies invelved are moderate, 10 to 100 MeV, and the
neutron production rates are expected to vary throughout the 11-year
solar cycle. Neutrons are produced nearly isotropically in the center
of mass reference frame. The angular distribution of albedo neutrons
is therefore fairly br-ad (References 11 and 12).

Each neutron decay r-leases a proton with a kinctic energy nearly
cqual to that of the neutron. High-energy protons can be injected
only whrn the projection of the initial velocity vector is tangent to the
top of the atmosphere. The vate ut injection can be approximated by:

ds ;

(T, p ) Snw,s)= ;
o 2q'(7) — Y- (5-47) ;

dt v a5 ¥
g i
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where M is th: fraction of the trajectory over which injection is pos-
sible and g is an equivalent igotropic injection ratec. Figure 5-6
shows how the pitch angle cone of halfwidth & at any point on a

field line intersects the earth's atmosphere. Only within the shaded
strip of the figure can neitrons be emitted (from the top of the at-
mosphcre) that can decay at point P, thus releasing protons with the
pitch angle o . Some pitch angle cones intersecct the carth at all
azimuthal angles; others do not interscct the earthanywhere (e.g. small
pitch angles near the equator. It is evident that only a very small

R

FIELD LINE

dp CONE TANGENT
TO ATMOSPHERE

Figure 5-6. The intersaction of o pitch angle cone with tha earth's surface.

i
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Figure 5-7. Equatorial pitch angle dependence of the average injection
coefficient n for on isotropic neutron flux emerging from the
atmosphere (References 11 and 12).

part of the pitch angle cone is within several degrees of being tan-
gential to the atmosphere. Low-energy protons (TS 50 MeV) are
in)ected nearly isotropically; 7 is then just the ‘raction of the pitch
angle cone that intersects the carth, Some (omputed values of ) are
showr in Figures 5-7 and 5-8. In Figure 5-!, above T = 50 MeV, the
effect of the finite width of the albedo neutron beam is included, The
pitch angle dependence is nearly the same as in Figure 5-7.
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Energy dependence of average clbedo neutron injection coefficient
(References 11 and 12). Above T m 50 MeV, the effect of the finite
width of the albedo neutron beam is included. The pitch angle
dependence is nearly the same as in Figure 5-7.
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The high-cnergy protons of the lower trapped radiation belt are
fairly well accounted for by the albedo neutron-decay theory (Ref-
erence 12). The slope of the observed energy spectrum above 50
MeV s matched well by the predicted spectrum (Section 4.2). Some
recent studies combining neutron decay and radial diffusion are dis-
cussed in Section 5. 4.4, At lower kinetic energies, the numbers of
trapped protons are much too great to be attributed solely to decay
of fast neutrons. The low-energy albedo neutrons produced by solar
cosmic rays might yield appreciable numbers of low-cncrgy protons.
However, these solar cosmic ray albedo neutrons cannot reach the
equater at low altitudes; they cannot be responsible for an enhance-
ment of trapping of protons with large pitch angles.

LOW ENERGY AULBEDO NEUTRONS., High-energy trapped protons
can be attributed to decays of fast neutrons. The same source is rela-
tively ineffective in producing trapped electrons; the low-energy trapped
electron number density is nearly everywhere much larger than the
trapped proton deusity. It has been sugpested ihat the electrons could
be injected by low-energy albedo neutrons (References 43 and 44). How-
ever, neutrons with kinetic energies below | MeV are deflected appre-
ciably within the atmosphere, For that reason, considering a diffusion.
type problem is necessary to obtain the albdec. flux,

For any quantity that is transported through i« material medium,
in this case j (the number of ncutrons per square centimeter per
ster per scecond), a Boltzmann-type cquation ¢can be formulated. The
Boltzmann cquation (Equation 3-91) gives the rate of change of a
rnumber density in a volume element that follows the {low, The gen-
eral transport vquation for 1 in a planc-layered medium (References
53, 54, and 55) i3

¢ g_l_(:_;_é_._h). ¢ (T, Ch) no(T, )

(5-433)

-

n 1‘\1 ’ /) ‘ ‘ ’ ’
g(T, L. h} + :d7 1 dl (7. C, W) no(T Ry W(T, 8 -7, 0)

- .1

where h is the depth measured perpendicular to the layers.  The
first term on the left dev tes the rate of depletion (or augmentation)
of a stream of particles moving at an angle arce cos { from the normal
to the plance (note the similarity to Equation 3<% when £ is replaced
by H“) The second term is the rate of loss by collisions, @ is the
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total cross secticn, an n is the number density of scatterers.
Parti~les are added to the stream by a source of strength gq. or by
scarv  ng, with a fractional probability W, from all other energies,
T ', and angles, arc cosine {’. Slow neutrons scatter almost
isotropically, in which case the scattering probability oW is equal
to the product of a constant gg {which, of course, must be less than
or equal to ) and W(T'=T).

When Equation 5-4¢ is integrated over {, a simplificd cquation is
obtained in terms of the omnidirectional neutron flux J an‘ the flux
across a constant-h surface F (Section 3.%.2; Reference 53):

@

40 255 sryno -+ a7 (T ne wer - ) (5-49)

-
wiicre Q now represents an average source strength:

1
r

Q(T, h) = 'i' . d8q(7, T.,h) . (5-50)

Eguation 5-49 can be solved by standard numerical methods (Ref-
crences 48, 53, 54, 55, and 56).

Equation 5-49 has a form that resembles a conventional diffusion
equation. In the lower atmosphere. where the mean path lengths
are so short that j is nearly independent of §, the firstterm in
Fquation 5-19 may be replaced by

2 (2l

3h b oh
D is a diffusion « nefficient (References 46, 651, 52, and 84). Un-
fortu- iy, th. free paths of neutrons near the top of the atiosphere
arc ieoge compared with other dimensional parameters. Conscquently,
the amsotropies are great enough that the diffusion eguation solution

daes not give entirely reliable results for the flux at the top of the
atmosphere,

An o lditional complication is that neutrons of energies much less
than °~ ¢V cannot leave the carth's gravitational field,  This has the
effec: of increasing the rate of neatron decays near the earth, though
*hi wibedo 18 diminished only slightly (Reference 4b).
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Various solutions to the ncutron-transport problem have appeared.
They arc all normalized to measured fluxcs of neutrous of cosmic
rays observed at iow altitudes. Figure 5-9 shows computed rates of
neutron decays near the ecarth, Thzse should be the same as the rates
of electron injection (References 44, 45, and +46). The clectrons re-
leased from slow necutron decays above the atmosphere are injected
into the trapping regions nearly isotropically.

Albedo neutron decay is definitely inadequate as the sole source of
trapped clectrons (References 35, 43, and 44). Additionally, it is
significant that the energy spectrum of trapped electrons is much
different from that of the neutron decay component (Reference 57).

5.4 NONCONSERVATION OF THE THIRD
ADIABATIC INVARIANT

5.4.1 Hydromagnetic Stability of Trapped Radiation

Simple two-particle interactions arc inadequate to explain all the
observations relevant to trapped particle sources and losses.  The
remainder of this chapter is concerned with the effects of plasma
osciilations and collective behavior of large nunbers of particles.
A first consideration is whether the trapped raiation belts are
always stable against gross instabilities, primarily involving viola-
tion of the third adiabatic invariant & .

The —I— x B term in the mechanical force cquatiorn. (Equation 3-100)
can be simplificd readily with the aid of Maxwell's Equations (Equa -
tion 3-108). The result is

> - -
- - B- BR
- - — 7 — i g .
JxB Vot - (5-51)

The expression on the right of FEquation 5-51 may be adentified with
the divergence of the Maxwell stress tensor (Reference 58):

1 2 12 12 B
~BR° =B 1 -8B -B B -R B
2 x 2y ¢ 'z Xy X 7
T . BB Lue o lye Ly B B
) Y y x 2 2y 2 =2 ¥y
12 1.2 1.2
_ - BB BB AR LN L
(6-52)
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- The moechanical force equation then can be written in the cencisce form:

[¢%]
<
(]
]

(5-53)

|

t

]

<J
5
+
jge!

. o] =

(o9
~—

The magneto-mechanical stresses arce cquivalent to a poessur:
B2 /8% transverse to the fieid lines and a tension BZ/8m along the
field lines (References 32, 58, and 59)

The ratio of the transverse particle pressurce to the magnetic pres-
sure is a useful criterion of the relative importance of particle= versus
ficld (Refercence 60). If the ratio

2
)'mv;

[all particles] (5-34)

Bp -

RS TRRLRE I RERS Y

BZ/Hﬂ

is much greatcer thes unity, the medium behaves as a classical fluid
and the magnetic tield has little effect on the gross rnotion. Con-
versely, if B is extremely small, so little energy is containe: in

the particles that the effects of collective behavior are likely to be
insignificant. When ‘3P is computed for observed naturally trapped
particles, the result is generally much less than 1. If Bp ‘in any part
of the radiatiun belts) should ever exceed about 0.1, the radiation
belts would very likely exhibit all the Lypes of plasma instabilities ob-
served in mirror machines in the laboratory {References 60, e¢l. and
621,

The parameter Bp is nearly the ratio of particle kinetic energy to
magnetic field energy. The :agnetic field energy contained within a
narrow range, 0L, of L shells between the two ccnjugate intersections
with the atmosphere is

ow -

o)
W
l9s]
N
-
“Hl
" (]
o
o
o
L]
(V1)
e

The total integrated magnetic energy between the earth’s surface and a

shell of field lines is shcwn *: Figure 5-10. (The unit of energy in the

figure is equivalent megatons of TNT explosive energy; 1 MT = 1.2 X
22 « . . . . .

10¢< erg.) The total kinetic energy of the particles trapped within an

L shell is not expected to appreciably exceed the magnetic field energy.
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Fijure 5-10. Total magnetic field energy in the volume contained between the
earth’s surface and a shell of field lines at L=R/R.. The unit of
energy in the Figgrze is equivalent r?ggorons of TNT explosive energy;
I MT =4.2x 10 erg=4.2x 10 joule.
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’sually ﬁp varies considerably along a field line., although in most
observad cases of distributions stable over periods of days. the largest
ﬂp is generally at the equator. The largest 3p can be used to estimate
the saturation fluxes for any assumed pitch-angle distribution. A rea-
sonable upper limit for BP might be somewhat less than l-perhaps of
the order of 0.1. The limit on Bp is invoked in Section 7.3.2 to pre-
dict the maximurn trapped fluxes that might occur following a high-
altitude nuclear detonation.

P 4

If all the trapped particles are assumed to have the same energy,
the maximum Bp can be computed for a pitch-angle distribution of the
i form {this is very nearly the distribution which would result from
; pitch-angle diffusion alone on moderate and high L-shells; see also
Section 5.5.5 and the folluwing)

: ) 2+n 2 2n/2

i JO = n+ T JO(HC - P ) } l“' s uc ’

: 8mu !

' < i
!

j; = 0 } |u| > “C . (5-56)

{ The ormnidirectional flux in the equatorial plane is Jo- For alln 20, i
: the minimum Bp occurs at the equator. The maximum flu¥, in terms
; of the assumed pressure ratio, is

;o BZ 8 2 S5
Jo = —=£°P_/ [1 -y  8/(6+n)(4+n)) (5-57a) Lol
, 6 c vy
87 L°p T
8
5 13 P (6+n)(4+n)
~ 7.25x 10 b(MeV/c)

L8[(6+n)(44n)-8] + 8L3/vATI/L

(5-57b)

where the atmospheric cutoff has been substituted feor K-

5.4.2 Interchange Instability in the
Quter Trapping Regions

A plasma may be expected to be confined by o rnagnetic ficld that _
provides a sufficiertly great magnetic pressure on the exterior to N
; counteract the particle pressure of the plasma that is secking to
' escape. This is not always possible, though. The instability that '

‘ results if two fluids (in the present casce, a plaso:a and a magnetic
field) can exchange positions with a consequent dec rease in total

it e e
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energy is known as the Rayleigh-Taylor instability (Reference 58),
This instability is welt kxnown from carly labharatory studies where
it was called the fluting or interchange instability hecause a plasma
boundary tends to break - pinto grooves or “flates™ as the plasma

leaks out, carrying along the ficld lines (Reterences 60, 61, and 62),
Gererally, whenever ficld lines at the plasma boundary are convex to
the extecior, an instanility results (Reference 63).

The criterion for stability at an interior point is rather compli-
cated. Though the field lines may be convex in a direction toward
which the particle uensity decreases, the plasma may be stable
<verywhere except on the extreme outer boundary. The plasma par-
ticle pressure in the exterior region may be greater than the interior
pressure; the growth of instabilities thereby is restrained.

The total erergy of all the particles on a field line is proportional
to TH(M,J,0,8) {(M,J,H)dMdJ whereH is the Hamiltonian and M
and J are the first two adiabatic invariants (References 64, 65, and
66). The Euler pntentials, ¢ and B (Scction 3.4.1), are especially
useful in trcating hydromagnetic stability, The plasma is stable only
if any exchange of two field lines and their associated trapped particles
results in an increase in the total energy. With the assumptions that
the adiabatic irvarianis M -.nd J arc preserved and that the Hamiltonjan

depends on only one spatial coordinate ¢, the necessary and sufficient i k
criterion for s.uahility (Reference 66) is " i,;\' Xy
N
. H\S[3r !
o UM, dJ(-:—&-) ) <0 . (5-58) !
M, J i

The notation (3/8H) pj; refers to a partial derivative in which M |
and ) are held fixed. Often the sufficicncy criterion alone: :

30 I
(‘-B-T:') < 0 all M, J (5-59)
Mo
need be considered.

The stability criterion would be satisfied for almost any particle :‘:
distribution if a minimum with respect to & and 3 existed in H. All )
the particles in such an energy well would nave minimum cnergy and ﬂ
escape from the well would not be possible. In a dipole field, nn .
energy wells occur, so examining the details of the distribution
function is necessary to determine whether Equation 5-59 is satisfied. E

The assumption that { depends only on one spatial coordinate is
entirely jostified for a geomagnetic ficld that has a high degree of
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axial symmetry., The particle distribution function must be related,
however, to the distribution in T, b, 1. or 7. B, L coordinates if
meaningful ¢ nparisons are to be made with actually observed par-
ticle fluxes or intensitics. Some of the details of the transformation
arc given because the intermediate results may be of general utility,

The distributicn function f can be replaced by N(M, J, a), the
number crossing the equator per unit magnetic flux, dad . The
total number of particles per encrgy interval and per H, interval in
a magnetic flux tube of cross section R dR d® is

.'T N = ;'l » J ¢ . 5-
N 'uo Ro)RodRod¢ JNM,J,a)dadB (5-60)

The adiabatic invariants are related to energy and pitch angle through
the Jacobian

J- M fAM o2l AM 3 (5-61)
- A A A
3(T. 4 ) T 2K, 2H 2
= B& RO“US(“O) (‘3-()2;
0

where 8(K ) is just vt /R, , as defined in Equation 3-47. Now the
coordinate § may he chosen equal to @, the azimuthal angle or lon-
gitude.  The rorresponding @ is -Mp /R, on the cquator, where the
magnetic {lux clement is

doedB =B R dR d¢ . _ (5-H3a)
o 0 O

The relation between the previously deflined two distribution func-
tions is

N(T, ¥ ,R )= R ¥pHK 8(p ) N(M, T, &) . (5-63h)
0 [#] € 9] 0
The left-hand side o Equ tion 5-63b 15 related to the intensity

(Equatior 5-44). The relation between intensity and total number of
trapped particles reduces to (References 68 and 69):

e g S %A e e memas Skl s lma el cn s e e C e -

TR ) MM TR )

N(! - = 5-64:
N(M, T, a) 2rm p"-‘ TR (5-644)
‘) [§]

.‘-”(T.H”)

-~ —_—_—_— VOW energles . (5-64h)
T |
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The partial derivative with respect to H in the stability criterion
can be replaced with a partial derivative with respect to Ry by the
(nnt obvious) relation (Section 3.4.1; Reference €7):

= BR = BR = _a_g(_a__) . (5-65)
M,J

2 2
bRo 0 d& oc 3t \3H

However R,3B/3t is just the azimuthal drift velocity: therefore,
(e/c)dp/at is always negative regardless of the sign of the eleciri-
cal change. Finally, the interchange stehility criterion (itquation

5-59) is
J AT, B) l
2o o >0 all M,J . (5~ %)
p M, I J

In the natural trapped radiation belts, most cf the energy is
retained by fast protons. If the prctons by thermselves are stable,
the trapped electrons should not be able to overcome the inertia of
the protons, [tis probably safe to assert that the entire trapped
particle belts are stable against interchange of field lines, The
proton intensities are not well known for all values of M; however,
all the available data indicate that the natural trapped radiation is
stable as far out as L = 5to 6 (Refercaces 67 through 71). That
N(M,J,a) increases with radial distance may be taken as good ev-
idence that particles are being added continually from outside
(Reference 70). 1If particles were not continually added, the outer
boundary wuuld be subject to instabilities and the consenquent loss of
particles would lead to a reversal of the gradient (Equation 5-66).

The artificial electron belts resulting from the Starfish high-
altitude nuclear explosion are another rnatter entirely. When a sim-
plified model of the artificial electron disiribution is constructed and
L1 jo/pz'),'BL is integrated over J, the necessary stability criterion
(Equation 5-58) clearly is not satiefied (Reference 69). The results
of such a computation are depicted in Figure 5-il. How a plasma
behaves following the onset of instability is not very well underatood.
If indeed the electrons are subject to instability and the resulting
hydromagnetic motion preserves M and J, then electrons might be
expected to move outward with a softening of their energy spectrum, }
A softening of the energy spectrum of the Starfish trapped elcectrons
may have been observed, though an interpretation on the basis of ;
hydromagnetic instabilitics is uncertain (Reference 69). f
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Figure 5-11. The stability function, d(jc/pz)/dL, integrated ovar J, the
second adiabatic invariant, for the Starfish trapped alectron
belts (Reference 49).

The preceding discussion of hydromagnetic stability was incom-
plete because currents flowing in the ionosphere were ignored. In
the trapped radiation belts, the field lines are effeccively "frozen'
into the mat_rial. If an entire field line is to exchange its position
with another, the finite transverse conductivity in the ionosphere
results in a relative motion of material and field lines at the lower
ends of the lines. Equations 3-100 and 3-101 relate the velocity with
which field lines are dragged through a plasma to the irduced cur-
rents; thus:

j=0-vxB (5-67)

L]
where O is the conductivity ten.or. Substituting this in Equation
3-100, however, gives a force:
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SN

. vXB)XB (5-68)

Qi

F = (

A .

contrary to the direction of motion. This force is thought to be ad-
equate to restrain the field lines and prevent interchange.

The stability of the earth's radiation belts retaining the electric
fields induced by plasma motinn in the ionosphere has been analyzed
(Reference 71). The energetic trapped protons can be stabilizea by
the ionospheric conductivity during the day, even if the simple stabil-
ity criteria were violated, At night, when ionospheric clectron
cdensities are low, the ionosphere cannot be very effective in prevent-
ing instabilities.

5.4.3 Radial Motion of Trapped Particles as o Consequence of
Nonadiabatic Behavior—-Resonant Acceleration

The interchange instability leads to nonconservation of the third
adiabatic invariant, ® . If the instability occurs in a dipole field,
trapped particles tend to move outwards, initially preserving the
adiabatic invariants M and J. But, the stahility criterion (Equation
5-67) now scems to be well satisticd in the trapped radiation belts.
The intetior (particle) pressure is counterbalanced by more than
sufficient exterior (particle) pressurc so that any mixing of particles (S
on different I.-shella might be expected to result in particles being
transported inward by diffusion (References 68, 70, and 72 through
75). In fact, an, process that involves nonconservation of ¢ could
result in inward (or outward) motion of trapped particles. Here then
is a relatively uncomplicated mechanism for maintaining the radiation
belts against atrnospheric and other losses. Enough particles exist
in the sular wind to supply all the trapped particles, provided they
can get down to low enough altitudes,

Invariance of ® requires that miagnetic and electric fields do not
change appreciably within the particles' drift periods (Section 3

References 64 and 65). Ilf the fields fluctuate in a regular fashion, a
some particles possibly can be accelerated —somewhat as particles
are accelerated in a cyclutron or betatron. Several instances have 3

been noted in which a recurring geomagnetic fluctuation apparently
resulted in acceleration of trapped electrons (References 69 and 76).

The requirements for an accelerating field seen to be met oy a
coherent woridwide magnetic variation with periods of ucout 1 hour,
sometimes referred to as Dp2 or DP2 variations (References 77 and
78). Intense groups of nearly monoeneryetic electrons in the lower

e YW [ v
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radiation belt were observed to be associated with several such
fluctuations (Reference 76). The drift periods of thecge electrons were
similar tov the periods of the fluctuations, which exhibited geveral
complete cycles.

Whenever the magnetic fluctuation fields are known, the electric
fields in the ionosphere can be derived with the aid of known ion-
ospheric conductivities, The majority of the electric field in the
DP2 fluctuatiors appears to be a curl-free field (Vv x E = 0)—derivable
from a putential field (References 78 and 79). Conductivitics along
field lines are very large, which in turn leads to potential gradicnts
that are neaily transverse to the field above the ionosphere. Oue
component of the electric field will be in an azimuthal (@) direction,
This component is primarily responsible for particle accelzration
(Reference 76). A particle with the proper drift period and phase is
in resonance and experiences an accelerating force on each circuit
of the earth. The situation is not exactly equivalent to the accelera-
tion of charged paiticles in a cyclotron. Instead, a particle drifts
inward and the resulting increase of kinctic energy is a consequence
of conservation of M and J .

TRAJECTORIES OF PARTICLES CONSERVING ONLY THE FIRST
AND SECOND ADIABATIC INVARIANTS. If the first and second adia-
batic invariants are preserved, this simple relation (Reference 80):

J& 8in ao 2 ’
o = ”(Mm)( J(an) ) (5-69)

results from Equations 3-46, 3-75, and 3-76. J(a ) is just that part
of J that depends on the pitch angle. Equation 5-69 relates the equa-
torial pitch angle @ to the flux invariant ®. Equation 5-69 alter-
natively may be regarded as a relation between 1, and the pitch angle:

Jer 1 \e
. ¢ (Mm\f—_ o
L= ZBERE( J& )(sm ao) ) (5-70)

Once .. and & are known, the mirror ficld B can be found im-
nrediately. Since M 183 assumed constant, the momentum squared
must be proportional to B, as < trapped particle moves across
L-shells. urneticail relations between [., a ., and B, are given
in Figures 3B-15 through 3B-19. Those figures are plotted for
arbitrary values of the parameter J¢/Mm - 214 B, .
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Of course, the distribution function N(M,J, &) is conserved for a
group of particles that moves inward or outward together with changes
in the geomagnetic field (this is because the flux dadf is conserved).
The intensity jo therefore is seen from Equation 5-64 to be propor-
tional to momentum squared,

When the equatorial pitch angle is large, the momentum squared
is nearly inversely proportional to L° as a particle crosses L-shells.
For mirror latitudes less than about 20 degrees, the momentum
squarcd is nearly (within an error of less than | percent):

Zm uM 2
RIS POy -7
L 27 Ry V BgMm
Or, in terms of the initial mirror latitude A,
L.\3
_Z S Z _—l S. 1 ._E y
> T T l+2s1n Xml(/Ll-l . (5-72)

The subscripts | refer to the specified initial values.

At low energies, ine square of momentum may be replaced by the
kinetic energy. Equatiorni 5-71 and 5-7¢ then give directly the encergy
gain or loss resulting from cross L-shell drift.

5.4.4 Stochastic Acceleration and L~Shell Diffusion

Most geomagnetic fluctuations are not obviously periodic (except
for the daily variation). They are randomly distributed in time, with
characteristic periods from fractions of a minute up to many hours,
A schematic representation of the power spectrum of geomagnetic
fluctuations observed on the earth's surface was presented in Figure
2-1, '

That random, isolated magnetic disturbances can cause irrever-
sible changes in the particle distribution is demonstrated readily for
the type of disturbance known as a sudden commencement. During
a sudden commencement, the geomagnetic field is rapidly compressed
(S-ction 2.6.2), especially on the sunlit side of the earth. Partic:-=
continue to drift adiabatically in the distorted field, but now thor~
that were previously all on a single L -shell may be on quite diffe-e. .

5-46

o e e d g ab

Pt oL

T T




~2 " gy
f——

]

2 December 1974

P RPN
Sl

invariant surfaces. The end result is that, if ti.. conpressed field
is released sufficiently slowly, trapped particles will be spread over

- ——

B M
T I e ot % it~ B - B MR T sk RS S

i i a finite range of L-shells (Reference 75). Repeated compressions
b and expansionc of the geomagnetic field thereby can result in diffusion
g 5‘,' of particles.
3 !
E; v Any magnetic field fluctuation with a characteristic period near
b4 i the dril{t period can cause nonconscrvation of the third adiabatic
3 i invariant ®,and acceleration of particles. The accelcration of a
E;; { charged particle by random electromagnetic field fluctuations is
; ! called stochastic acceleration (References 73 and 81). Again (as in :
; Y the treatment of particle collisions), a Fokker-Planck-type equation ;
E i { is useful in describing a process that is determined by the gutcomes
’ﬁ ¥ of many random events. The Fokker-Planck diflusion equatisn, for i
b ¢ the number of particles trapped in a magnetic flux tube at R per :
E \ unit arca in the equatorial plane N(M, J, R,) is expected to be of the form:
p \
g t 3N(M, IR ) 5
t 3 " AR (6R ) N(M,J,R )
t
i ’ & K
L $ oy == [{6R )7) N(M,J,R |+ @ (5-73a) e,
P "o e
. -
; . . {
‘ _ ¢ - =
e |D NM,J,RI)|+5 =D, N(MJ,R)I+Q (5-73b) 3
; OR [ ] 0 ] 2 d l_ 2 o ] '
: 0 R )
! 0 )
L4 $
{ A source Q has been included here. A one«dimensional diffusion f"
cquation 1s valid if the diffusion proceeds with a time scale that is {
) large compared to all other time parameters. If at any point on a
; field hine they are teansterred to another field line, the particles !
t are rapidly “"smeared” over a new invariant surface. Only on very :
E high I.-shells need the invariant surfaces be specified by more than i
14 one parameter. In the extreme outer radiation belts, a two- :
;‘ dimensional diffusion equation involving R, or 1, and some other

coordinate (such as pitch angle @, or mirror point field By,) would
be necessary (Roferences 28, 82, and 83). .

e

A particular solution of-Egquation 5-731s aviilable for the case
when the dastribution function N(M, J,a, B) 1s constant everywhere,
Liouville's theorem must apply to N, It is only necessary that par-
ticles should follow dynamical trajectcries (4 need not e .onserved)
in order that N remain unchanged after the exchange of particles be-
tween two invariant surfaces. The stability criterion (Equation 5-58)
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guarantees that energy is not lost or gained. When the distribution
function B R _N(M, J,a@) (Section 5.4.2) is inserted in the Fokker-
Planck cquation, the time rate of change must be zero. A solution
(References 28, 82, 86, and 87) is:

cz> d 2

T m— e -74

Dl 2 dR 2 ¢ (5 )
o Ro

he relation between the two Fokker-Planck coefficients should
ho!d when sources and losses are included in the diffusion equation.
Therefore, only one coefficient need be c omputed:

D, . (5-75)

The simplified radial, or cross-1,, diffusion equation may be re-
written:

AN(M, J,R ) .
R R e [R"' N(M, I, R )] + @ (5-76)
2 o o o

At bRO R 3R
0

The motion of a particle during a geomagnetic disturbance
should be derivable directly from the equations of motion of an in-
dividual particle. The drift velacity is perpendicular to the field
lines.  The rate of change of R | must be a single-valued function of
the meridian plane compunent of the drift velocity Vp (References
81, 84, 88, 89, and 90):

—_—
R, . v \/l +3s8in_ A (5-77)
dt = "D[{meridian plane] cos) )

where A 1s the latitude of the particle at the instant an electric field
is applied.

The diffusion coefficient D for a dipole field may be computed
after breaking the disturbance field B into symmetric (S) and asym-
metric (A) parts:

él = [- S(t) cos 8 - A(t) r sjn 20cosd| r
{(5-78)
+ [S(t) sinB - A(t) r cosze cos¢]d +[A(t) r cos 6singld
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}g' J s - where £, 6, and @ are the unit vectors in an carth-centered spherical
o0 § coordinate system and 8 is the polar angle or colatitude. The spher-
“} 4 ! ical harmonic expansion of B) has been terminated at the first-order
? . terms. The induced electric ficld E), associated with the magnetic
i disturbance, is (Equation 3-107)
£ i

= 1 ¢ dA | . - <& 2dA . F
3 E = 3r Tt sin@ sin@r - AT cos 8 sing 6
i
f 1 ds . Y W .
1[2 It 8in @ - 5T F o (3 - 7 sin 9)(ou¢]¢ . (5-79)

The tirpe average of the displacenient is complicated; the computa -
tion has been performed with the result (iFeference 89):

S ar v AR saball e

.\\.:LIO
21512, “E 2
3 i D { = =] ") V —m—m 5.
'[mag!\L'Am) en 7) (\m' 2 [U pA(V)]v:l/t (5-80a)
BE d

2 . 10p. 2
= . ) -
16.55 T (A )R L [u pA("]u (5-80b)

:l/td

The power spectrum is evaluated at the drift frequency. The function
(A ) is presented in Figure 5-12. As might have been expected,
D mag) depends only on the asymmetric A part of the fluctuations.
The magnetic fluctuations have been decomposed by Fourier analysis

so that the power spectrum ! alv) is the Fouricr transform of the
average of A(t) A(t + t'):

[

P,(v) = 4 2 dt’ [AQ) A(t +t') ] cos 2mvt’ . (5-81)

the flux of energy transported by magnetic fluctuations between the
frequencies V and V + dV is proportional to PA(v)du .

A similar result follows for curl-free electric fields. When the
disturbance field E| is everywhere normal to the static magnetic
! field, the diffusion coefficient (References B2, 88, and 89) is

6 5
D K [P (L., | : (5-82)

] (Lo )= Ity

(el

l
1~

8B

5-49

BN R N P TT e mes

o v b ot dle ikl i




2 December 1974

0.9

0.8 _—

0.7

0.8 ———

rog)
(=]
w
I
B
|
]

0.4 - /

0.3 -
//

0.2 N SN VDRI SPURPIUIY SUpU——

% 0 20 % © 5% % 76 R
EQUATORIAL PITCH ANGLE ’lo(dOO)

oo Lo o S oo o ra g N

90 70 80 50 40 30 20 10 0

MIRROR LATITUDE Ap(deg)

Figure 5-12. Latitude~dependent pc-t of the radial diffusion coefficient
(Rererence 89).

The power gnectrum, P (L,V), here an explicit function of L, cor-
responds to the k'th component of the harmonic analysis of the elec-
tric field:

E¢1(L.¢,t)=k§0 E, (L,t)cos(k¢+w(L,t)) (5-83)

[+,
where ¢ is mcrely a phase correction. The electric field diffusion
coefficient D{el depends on the mirror latitude only through the
drift period ty . The variation of drift period with mirror latitude is
so slight (Equation 3-50) that D[el] is quite insensitive tc mirror
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v L latitude. Generally, the magnetic fluctuation diffusion coefficient
F X ] D[ma 1s much more sensitive to mirror latitude than is the electric
?t _ field diffusion coefficient D[el) . The magnetic diffusion coefficient

falls so rapidly with increasing mirror latitude that magnetic accelera-
tion effects are most important ncar the equaforial plane.

+ .

SRR " o Sl

The magnetic fluctuation diffusion coefficient might be computed
from a knowledge of mzgnetic disturbances ocbscrved on the carth's
surface (Section 2.7). Butthe asymmetric part of the disturbance
is proportional to radial distance, so ground-based magnetometers
are sensitive primarily to S-variations. The rclation between A and
S is provided by the model chosen for the magnetic field. Some the-
oretical models have been constructed (References 89 and 91). Ob-
scrvational data collected with artificial satellites may be employed
to further refine the models (Reference 92). Attempts have been
made reccently (References 93 and 94) .., perform direct measure-
ments of electric fields in the magnetosphere.

T L R TR ST IR ST,
s

T The spectral behavior of magnetic variations is not known with any
more certainty than is the spatial dependence. The crude spectrum
of Figure 2-17 is proportional, below about | hertz, approximately
to the -2 power of frequency. A Paxy~2 frequency dependence is in
agreement with most comjutations based on sudden commencements
and other disturbances with a fast rise tiine succeeded by a slow
recovery. For this special case, the diffusion coefficient is inde-
pendent of drift period and is just proportioral to L10. Other as-
sumed types of magnetic fluctuations yield quite different diffusion
coefficients. Generally, for a power spectrum of the form:

A g K
AT

i s
RN

L
Lt

-n
PA(U)«U (5-84a)
the diffusion cocfficient (Reference 89) is

D « L6+Zn MZ—n o I_1142-n p4:-2n . (5-84b)
[mag]

EMPIRICAL COMPUTATIONS OF DIFFUSION COEFFICIENTS
FROM OBSERVATIONAL DATA, The observatior of an uncompli-
cated, unequivocal example of radial diffusion remains elusive.
Because the motions of individual particles cannot be traced, observa-
tions of temporal changes in the trapped particle distribution must be
relied on. But a radial motion of a group of particles is subject to
being interpreted as a convective fluid motion of the entire group.

On the other hand, a decay of the trapped particic flux at a single,
isolated location perhaps could be explained by sor:.e other, yet undis-
covered, loss process.
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That the Liouville distribution function N(M, J, @) increases with
L is suggestive of radial transport but is hardly conclusive evidence.
The most cornpelling evidence for radial diffusion perhaps should be
sought in the lower L-shells where the sources and losses are best
understood. It has been noted that the artificial Starfish electron
belts near L = 1.25 did not decay as rapidly as predicted from at-
mospheric losses alone. Computed and observed deca: times are
compared in Figure 5-13. Below UL =~ 1.2, the observed ’ecay time
T and the decay time predicted frc.a. atmospheric loss tims 7, differ
enough that a cross L-cdiffusion coefficient can be computed. The
atmospheric loss is well understood. The apparent discrepancy
could only be explained by the addition of electrons diffusing from
higher L-shells. The decay of the Starfish electrons can be rep-
resented by a simple empirical relation:

BN(M,J,RO.t) N(M,J,Ro,t)
dt T T
where T is the time required for a decrease by a factor 1/e = 0.368.
The diffusion equation for this case can be solved analytically with
the result (Reference 42):

(5-85a)

R
SR DU
i o .- '
Ro] [Ta T]N(M.J.Ro.t)dRo
D = - — R (5-85b)
1 o) 2 ol
5 3R Ro N(M,J,Rot)
Ro ° R
ol

where T, is the predicted atmospheric loss decay time. The mo-
mentum of particles is nearly proportional to B, so the relation
between n and measured intensity j (Equations 5-64 and 5-72) is

"Ro jo(T' uo)

N(M,J,R ) = —= (5-86)
° 2 B
3 J E
M l+2ﬂ‘/RoMm 3
E

Computations thus far have been practical only for particles with
orbits restricted to the equatorial plane (where J = 0) .
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; Figure 5-13. Decay time constants of the Starfish trapped electron belts
1 (Reference 42). T is the actual measured lifetime while 7 is
i that computed for atmospheric losses alone.
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Near the lower edge of the artificial radiation belts the intensity
is approximately proportional to exp(138 x L). In this same region,
Ta drops very rapidly with decreasing altitude. T and 7, are compared
in Figure 5-13. The computed diffusion cocfficient (Figure 5-14) has
a strong inverse dependence on L (Reference 42). This result is rot
easily reconciled with Equation 5-85. Perhaps a very large positive
exponent in the magnetic fluctuation power spectrum is not necessary
if the diffusion at low altitudes is principally due to curl-frc: electric
fields, particularly the fields associated with recurring fluctuations
{Section 5.4.3). Indeed, the particles noted in Section 5. 4. 3 that
presumably had been accelerated by recurring field fluctuations were
at L 2 1.15 (Reference 76), below most of the trapped radiation
regions. In the higher parts of the trapped electron belts, the decay
time constants of Figure 5-15 have to be explained. The estimated
intrinsic uncertainties, except where indicated in the figure, are
generally of an order of magnitude comparable with the scatter of
individual points. The data points attributed to Reference 98 are
anomalously high because they include the effects of artificial electron
belts. The higher characteristic energy of clectrons released after a
nuclear detonation results in lifctimes enhanced by a factor of 2 to 5.
The higher set of data points attributed to Reference 104 represents
only the electrons with more than 1-MeV kinetic energy. The solid
curve at the left refers to computations of atmospheric losses
(Reference 41). It should be evident from this figure that atmospheric
decay cannot account for more than a small fraction of particle losses
above L~ 1.5. The trapped electrons resulting from the USSR high-
altitude nuclear explosion of 1 November 1962 exhibited a radial spread-
ing that can be explained by radial diffusion (References 106 and i07).
When electrons restricted to the equatorial plane are considered, the
resulting diffusion coefficient is represented by the single point at
L = 1.8 in Figure 5-14. The L-dependence of the diffusion coefficients
in the lower left of Figure 5-14 is so extreme that a nearly vertical
line (with a negative slope) appears. Elsewhere, the diffusion coef-
ficients agree with Cquation 5-85. The individual points at L = 1,7,
2.1, and 2.2 were computed {rom observations on the decay of arti-
ficial electron belts (Section 6). The curve attributed to Reference
75 pertains to the diffusion of trapped protons.

An interesting case that seems to be attributable to radial diffusion
was observed {References 108 and 109) in the outer radiation belts. There
the clectron distribution was greatly disturbed by a magnetic storm.
After the storm, certain features of the radial distribution seemed to
drift inward. Figure 5-16 illustrates how the perturbation in the
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Figure 5-14. Radial diffusion coefficients for electrons with 90-degree equatorial

pitch angles (Reference 110). The L-dependence of the diffusion
coefficients in the lower left of Figure 5-14 is so extreme that a nearly
vertical line (with a negative slope) appears. Elsewhere, the diffusion
coefficients agree with Equation 5-85. The individual pointsat L= 1.7,
2.1, and 2.2 were computed from observations on the decay of artificial _ _
electron belts (Section 6). The curve attributed to Reference 75 per- : 4
tains to the diffusion of trapped protons.
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Figure 5-15. Decay time parameters for trapped electrons on intermediate L-shells.
The estimated intrinsic uncertainties, except where indicated in the
figure, are generally of an order of mognitude comparable w:th the
scotter of individual points. The data points attributed to Reference 98
are anomolously high because they include the effects of artificial
electron halts. The higher charaocteristic energy of electrons released

Teay

_;__... [N S CN

-

e 1’ ofter a 2uclear detonation results in lifetimes enhanced by a factor of 1
y 2 t0 5. The highar set of data points attributed to Reference 104 3
- " represents only the electrons with more than 1-MeV kinetic energy. :

The solid curve at the left refers to computations of atmospheric losses
(Reference 41).
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t floure 5-16. Inward motion of trapped electrons during a period of 9 days. Z

omnidirectional fluxes on the equator of electrons with energies
above 1.6 MeV are shown in Figure 5-16 (Reference 108). Though }\'; %
this is not obviously the result of pure radial diffusion, the inward i
‘ motion can be described by a diffusion equation with the coefficients
| shown in Figuie 5-14 (Reference 107). ‘

‘ distribution moved inward while preserving its general shape. The
1
i

The remainder of diffusion coefficient deterrninations have been
primarily attempts to explain steauy-state features of the trapped !
electron and proton belts (Referen.e 114), Most electron diffusion i
coefficients computed for the region between L s~ 1.8 and Las 5 :
exhibit the expected !0 form.

: The low-energy trapped proton distributions seem to be consistent
i with the hypothegis that these protons originate in the outer mag-
netosphere and are transported by diffusion to lower L-shells (Ref-
erences 68, 75, und 115). Recent examination of the higher energy
protors (Reference 116) indicates that radial diffusion plays an
important part in determining the distribution of these particles
below 1. = 2. When the albedo neutron source, atrmospheric loss
mechanisms, and radial diffusion are combined, the vesulting dis- ¢
tribution is consistent with the observed distributicn of prctons above
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several MeV, Because of the scarcity of definitive measurements,
] the radial (L) dependence of proton diffusion coef':cients is not yet
certain to be at all near L10,

'7'—":-"-"-' Ex

5.5 NONCONSERVATION OF THE FIRST AND
SECOND ADIARATIC INVARIANTS

5.5.1 Trapping Limits

That geomagnetic {luctuations and large-scale clectric fields can
alter the third adiabatic ‘nvariant has been demonstrated adequately.
If ¢ is not conserved in .he trapped radiation belts, changes in the
first and second adiabatic invariants might also be expected (Ref-
crences 28 and 89). The power density of geomagnetic fluctuations
observed on the earth's surface falls rapidly with increasing frequency,
but energy in moderately high-frequency oscillations near the gyro-
B frequency and bounce frequency is still sufficient to affect trapped
. | particle motions. Properly, the Fokker-Planck diffusion equations

for radial ditfusion and pitch angle diffusion should include terms .

regulting from failure of all the adiabatic invariants (Reference 28).

R RRT

Ore possible consequence of nonadiabatic behavior is that stable
trapping of protons and heavy particles becomes less likely as the

L3
particles' kinetic energies increase. Section 3.2.3 noted that on any C-’f‘ f,‘ﬁ \
L-shell a maximum energy occurs above which trapped orbits are not “’u -
possible. ‘ctually, the maxirnum energies of protons observed in the -

trapped radiation belts seems to be somewhat lower than predicted
by the -imple theory (References 11 and 117). It has been suggested
that this is because inhomogeneities in the magnetic field may be I
about the same size as the particles' gyro-radii. Therefore, M and :
perhaps J might not be strictly invariant (Reference 11). Analysis
of raturally trapped proton data leads to an empirical formula for the
maximum momentum of protons on any L-shell:

p(MeV/c) <~’ﬁ29- : (5-87)

L

This momentum limit is about 10 times lower than the limit derived
from Stormer's theory for orbits in a strictly dipolar field (Equation ]
’ 31.¢28). Protons with greater momenta presumably are not trapped !
ﬂ‘? with lifetimes comparable to their predicted lifetimes for energy loss
‘ in the atmosphere.
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, t i 5.5.2 Nonconservation of the Second Adiabatic
E Invariant—Fermi Arceleration
t . If a trapped particle is to have its auiabatic invariants altered,
i ' the [luctuation fields must be aligned in such a fashion that particic
i*' acceleration can occur. Section 5.4.4 noted that only certain coni-
I { ponents of the fluctuation fields hau any cifeet on the third adiabati-
;“L ’ invariant, e. g., only the azimu‘nal component of a large-scale
[ i electric ficld can accelerate particles. Because the second invariant
‘ ' J depends on the longitudinal component of momentum, p”, only the
" . parallel part of the fluctuating electric field, Flll' should be expected
5 ' to cause ro:conservation of J.
AT
oo A change in p does 1ot necessarily invoive a ctange in J, Lowever.
5 For example: When a dipular magaetic field is compressed, the tield
. lines are shortened. Hence, the distance between mirror points,
: 3m2 - Smi |, is decreased. Dut if the adiabatic invariant

! J = ¢ rSnl&
;ﬂ S

is to be preserved, p, must increase snough to offact the shortening
of the trajectory, The resultant increase in the total momentum is
a consequence of invariance of the magnetic moment invariant M.

It has been called Ecrimi acceleration becauge a similar effect was
invoked by Fermi in an attempt to explain cosmic ray acceleration
{References 32 and 65). A simple explanation of Fermi acceleration
may be constructed by referring to a charges particle spiralling about
a field line as it enters a region where the field converges. In a
static field, the particle ie reflected with nu change in 1ts kinetic
energy {(Scction 3. 3. 2). But, if the turning point is moving with a
longitudinal velocity V  toward the gyrating particle, a stationary
obscrver would, after reflection, measure an increase by an amount
of 2V, in the particle's longitudinal velocity.

P, ds

ml

The energy gain (Fermi acceleration) ia a single encounter with
a moving magnetic mirror is (Reference 113)

i

i

=2

ST
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B 6E = 2p, >3 Vm + T (1 = 3v,/c)
& | (1-v"/c™) (lev /c™)
E"i (1-v /CZ) vnZ ¢ ) 8a)
+3 V v (5-88a
k‘ (l-vz/cz) c:Z m “’
> 2p (V. +Vi/v) (5-8b)
p“ m m 1 *

This formula is valid when the velocity of the moving mirror is cun-
siderably less than the speed of light. The mirror velocity is to be
taken positive in head-on collisions and negative in collisions in which
the mirror overtakes the particle.
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i

The effects of hydromagnetic waves are equivalent to the accelera-
tions incurred in-many random encounters with moving magnetic mir-
rors. If some average frequency of encounters Vm exists, the
Fokke.-Planck coefficients for the alteration of the parallel part of
the momentum (Reference 119) are

?.‘y"mz\'in
(A p"> = ) Vm (5-89)
2 2 2.2
(ep) )~ 4y mv v . (5-90)

If particle motions are intluenced primarily by resonant encounters,
then the frequency V,, is equal to the bounce frequency or approx-
imately v,/S, where S is the distance between mirror points. The
Fokker-Planck coefficients thus are found to be related simply:

1 d 2
@p) = Z ap, (tep, 1) . (5-91)

This equation has been der‘ved elsewhere in otier contexts and ap-
pears to be a general result for bounce resonant interactions between
trapped particles and electromagnetic disturbances (References 105
and 120). The¢ same .elation could be obtained (28 in Section 5.4.4)
by presuming ‘bat the distribution function f(p ) = constant is highly
stable against instabilities that derive their growth energy fror ‘he
parzllel momdntum.
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'.' : The order of magnitude of the diffusion coeificients can be e3ti-

. l ! mated for gencral magnetic disturbances. The mirror velocity is

nearly

B, coagkm (1 +3 sinzkm)
Vm > 2 Rov - z 3
o 9 sinA (1 +=3sin" A )
m 3 m
where B, is the parallel part of the disturbance ampi.tude and V 1s
the frequency. Tlis fornwula is valid only when the mirror latitude
Am is not too near zero. Since a continuous wave power spectrum
“ must Le presumed,particles out of resonance by an amount 6/ clearly
: can interact only with a given train of waves for a time 6t ~1/28v.
The chaage in the particles' momentum during the same tin.e is

(5-92)

RS A e - O

kg e e

Op” = 2ymYV é'i . (5-93)
m tb

Averaged cver time, this giver the Fokk r-Planck coefficient

' ,  1en® rE Licos'®a B

((6p)") ~ —3 > > —_ . (5-94)
¢ 9 B sin” A 20y

N E m

It caa be shown (Referznce 121) that, where 6B is the average am-

plitude of wavys in a narrow frequency band of width 8y, the power
EE spectral dengity is

2
~{8B)
Pv) ~ p- (5-95)

4
The strength of geomagnetic flurtiations with periods of about ] 3
second can be estitnated by presuming that disturbances originate on i
the exterior of the trapped 1adiation region (References 119 and 122 ‘
through 126). The trapped plasma behaves as an clastic medium; ;
magnetic disturbances propagate inward by hydromagnetic waves.
A hydromagnetic wave travels with the Alfv€n velocity (References .
59 and 63): : i
¢ '15’
VA = (5-96) ‘
«/1 +dmpe /B
. h
j
} 5-61
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The Alfven velocity increases with decreasing altitude until the den-
sity of the atmosphere p begins to incrcase faster than B . If
hydromagnetic waves are n-t absorbed strongly, the amplitude of the
wavesd above r .v 1.5 Rp must increase with altitude. The amplitude
of fluctuations on any l.-shell ahove L =~ 1.5 is therciore likely to be
greatest near the equator. The amplitude ot hydromagnetic waves
can be represented roughly as

S T T
A e
) ———

e

i b

)

; B, ~ Bnln chs 2 (5-97)
f,‘, where By is the amplitude at L = 6 (Reference 119) {in MeV2/c%/sec).
e i The corresponding Fokker-Planck diffusion coefficient is

! 20

E 5 lp(MeV/c)_l4 Lbcos Am )

((6p,)") ~ 34 > Bl Whyoyse - (5-98)
L Y sin Alh b

Using measured power spectra in the outer magnetosphere (Ref-
1 erence 127), an approximate lifetime of 1| MeV electren at L =6 can
be found with the aid of Equation 5-91:

p
. 5-
fwz\z-gl-l-lgsa 2yr {5-99)

Appatrently, the Fermi aczeleration bounce resonance process is
significant only for particles mirroring very near the equatorial
plane at timee when the powcer density of magnetic fluctuations is far
above the norn:al values. A similar result follows for other bounce-
resonant interactions (Reference 120). That this is the most im-
portant mechanism for depletion of trapped particles in any region is
therefore unlikely.

TR

" ' :.'.

Some attempts have been made to include nonconservation of J in
radial diffusion computations (Reference 28). The experimental
evidence on radial diffusion has not yet, howcver, been adequate to
test cages other than J =~ 0 (o, = 90 degrees).

Whether longitudinal components of curl-free electric fields with
periods near | sccond result in trapped particle losses 18 uncertain,
Electric fields play such important roles in current auroral accelera-
tion and precipitation theories that significant effects on trapped
particle populations might be presumed. This is almost surely a
valid conclusion in the outer parts of the magnetosphere (Scction 6, 6).
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5.5.3 Nonconservation of the First Adiabatic
Invariant—=Wave Particle Interactions

bt

! The magnetic moment invariant M involves only the transverse
part of the momentum. It does not follow, however, that changes in
' p, and p;, (and hence in M and J), are always independent. The ef. '
fects of electromagnetic waves near the trapped particle's gyro-

frequencies are somewhat more complicated than the effects of

relatively slow magnetic fluctuations,

TSR T WO
e

““r' - '.‘,’ z ~

:
‘iF'{ Electromagnetic waves of moderately high {requencies are prop-
Pf agated quite efiiciently along magnctic field lines. While traveling
%‘ i from one '"'end" to the other along a field line, a wave has an op- f-
f, : portunity to interact with many particles oa the associated L-shell. i
&‘\ i Also, the wave might he reflected by the ionosphere and make several !
;"W traversals of the field line before dying away. A wave propagating i
(’: along a field line can be represented by the solutions to Maxwell's i
H . equations (in rectangular coordinates)(Reference 128): ’,
E E-3x= )?EL(‘osdJ + QElsinw +;.F."cos).’; (%5-100a)
- . - - LR
‘ Bl = 3 xB, siny 4 yB, cost (5-100b) o
R
4 -~ ~ - i '_';P__: )
J1 = XJ singgyl cosptz]sing. {(5-100c)
The z-axis here is along the field line. The phase angle ¢ is Wt -kz !
where k, the wave number, is cqual to 27 divided by the wave length. _ '1
Maxwell's cquations {Equations 3-105 through 3-108) for the perturbed ’
field of the wave reduce to: i

B = — E, (5-101a)
- “ .

, / 22 :
I s = E, fuw -t (5-101b) ;
i i 4mc L \ w ;
. i
i 3, = #— E, . (5-101¢) 1
[} ¢
(E and B are in conventional gaussian units, and J is in emu, see Ap- i
' pendix 3A). There is an arbitrariness in the sign of sorae components
! of the field vectors. Clearly, the upper signs pertain to a right-handed $
: circularly polarized wave that 1otates in the-saiie sense as the gyrat- 3
' ing electrons., The other signs yield & left-handed, (ircularly polar- :
ized wave. The relative phases of the rotating iransverse wave :
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vectors are depicted in Figure 5-17. The wave vectors are depicted
there as seen by a stationary observer looking in the negative z
direction. The field components should be cunsidered rotating clock-
wise (upper diagram) or counterclockwise (lower diagram) as viewed
by a stationary observer looking in a direction contrary to the unper-
turbed magnetic field. The shaded area labelled {, represents ihe
perturbation in the electron distribution functio:.

Longitudinal osciilations car. be separated from transverse oscil-
lations if propagation is strictly along the direction of the magnetic
field. The mixture of transverse and 'ongitudinal oscillations that
would result from nonparallel propagation leads to elliptical polar-
ization. Orly purely circular polarization is considered here.

Gyrating particles interact with all components of an electro-
magnetic ‘wvave. If a wave consiste entirel; of longitudinal cscilla-
tions, the only force acting on a charged particie is along the direction
of propagation. If it is moving alcnyg a field line with nearly the
velocity of & longitudinal wave but slightily out of phase, the particle
will b accelerated by the longitudinal electric field 1-31 - Given
cufficient time, the gyrating particles adiust their apecds to the phase
velogity of the wave so that they will eventually ride along in the 7Y
"troughs' or ''crests.' ‘The mechanism by which the trangverse part
of the velocity is aiteruc in wave-particle interactions is -onsiderably
more complicated. When gyrating particles encounter circularly
polarized waves, the v x Bn tesm in the equation of motion (Equation
3-3) has both longitudinal and ‘ransverse components.

Aa obsgerver moving with a circularly pola+ized electrumagretic
wave would sense no rotation of the field veciors. i’f:.“ and 13“
would apnear to maintain a fixed orirntation with respect to the
steady utate field. But, to particles moving with longitudinal vel-
ocities different from the wave phase velocity. the wave rotates at
a doppler -shifted frequency. Partic'2s ovartaking the wav:.. experience
a perturbed field that rotates in a directiun contrary to the actual
polarization. When the relative longitudinal velocity of wave and pac-
ticle is just great enough that the particle serises a wave field rotating
at its nwn gyro-frequency, the particle is in resona:.ice with the wave,
A particle that is just slightly out of rcicnance can be accelerated in a
imanner analogous to the acceleration ty longitudinal oscil.atious.
Only particles that are very near to resor.i:nce can be affected strongly
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Figure 5-17.

(1

/? f1 LEFT CIRCULAR

7 POIARIZATION

(ION GYRO-MOTION)

STEADY-STATE FIELD B 15 OUT OF PAGE

Relative phases of wave field vectar: in « circularly polarized wave.

The shaded area labeled f, renresents the perturbation in the electron
distribution function.
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by wive particle interactions.,  Usualiy, positively and negatively
charged particles muay be it resonnaice with the <ame wave, olthough
their longitudinal velncity components are eatively ditferent. The
longituldinal velocities of resonant particles arc related to the wave
phasc velocitie .

w .
vV _ = % {(5-102;

by the doppler frequency shift condition (Reference 1ée) for electrons:

v, = Y —— ("1—1()33)

i s Yy . (5-103b)

«w, and @, are the gyro-frequencies, which include a factor ur the
inverse 01! tne relativistic dilation factor y¥. These two »quations
are valid for right-handed waves==rotating in the same sense as the
electrons. They can be employed for waves of either polarity of w
is regarded as negative for left-harded waves.,

From Equation 5-103, the rather odd result follows that a wave
rotating in the same sense as the electrons but at a {requency beivw
the electron gyro-frequency will bhe in resonance with electrons
moving in a direction opposite to the wave., Pratons in vesonance
with the same wave must be moving in the same direciion as the wave
but slightly faster.

In a coordinate frame moving together with a circularly polarized
wave at the phase velocity V.. the E, force appears to he cancelled by
the ¥ x ﬁl,'c force, The accelerating (E) ferce on a resonant particle _
in this coordinate frame is zerc, therefore its total energy remains
constant (References 129 through 132). The momentum relative to the
moving reference frame which also must be ~onserved, is

2

—
é 2 .
Pw -_/Pl +7W(p“ -m‘wa) (5-104a)

e L7 e ) AN .

1
y =
w . A, 2
/1 - VQ/C

(5-104b)

8

e Sl
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Because some radiation belt partic les have velocitics near the speed
of light, a fully relativistic formulation has been retained. When
making the transition to a nonrelativistic formulation, both %y and
the mass dilation factor Y must become nearly equ: L to 1. The phase
velocity of most plasma waves is actually so small that %y seldom
diffecs apprecciably from 1.

According to Equation 5-104, an infinitesimal alteration of the
transverse momenturn f)pL is rcelated to an infinitesimal chauge in
the longitudinal momentum 6 p or:

v
A ¢
Pl - vy (p, - m 7Y, il
mYyc
p Vv
- -yl LR
= - Yy p”-m'yv(o 1 - 5 6}3“ . {(5-105)
myc

In the nonrelativistic limit, this reduces to a much simpler formula
(References 131, 134, and 135):

pop = -(p -mV,)5p (5-106)

u
Figures 5-18a and 5-18b illustrate the velocity-space diffusicn tra-

jectories of protons interacting with waves at the proper phase veloci-

ties. In constructing these relations between v and v, Equation 5-115

was utilized since it provides, in conjunction with Equations 5-103 and

5-105, a relation between phase velocity and frequency. At high

velocities, these trajectories are very nearly circular; this means

that the alteration of the particles' kinetic energies is slight, The cor-

responding velocity space trajectories would be indistinguishable

frora circles for most radiation belt electrons.

From the preceding equations, a simple reclation follows for the
change in the transverse part of the momentum relative to the change ‘ A
in the total momenrtum of electrons: i

5 = (5-107a)

o ST,

Trp—
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X ur ol protans or gosdive lons; .

’

. 2 \

' 6p w,

—_— 1 . (5.167)

o 2 w
; 1’ bp
1-’"4 Clearly . deflections of pyrating particles are much minre important
¢ than chanpes i the taial momentan whenever the frequency of the .
L. : - i
U - waves is muach lower than the particles’ pyro-frequencies,  Also,

uppositely charged particles are deflected in quite different directions

- Ay

by Lthe same wave.,

LA
%7

.

: iU should bhe especially emmphasized that Equations 8-105 and 5-106
3 and the zceompanying figures apply only Lo vircularly pulavized waves
E"_ in o homogencous plasma, There are many exceptions whi b allow a
;’t preater degree of acceleration than would seem to be permitted by the
i derived diffusion trajectories, A charped particle in a converging

' mapnetic field experiences a turning force (Fquation 3-42a) which may,

under certain conditions, balance the accelerating force due to the
wave (Reference 133), The particle ther can he ‘'held” in 2 localizned
region while Feing acceelerated over many cycles of the wave, This
mechanisim has been suggested as a means {or sceelerating heavy
ions at relatively low altitudes (Reference 136),

5.5.4 Propongation of Waves in a Plasma .
In the preceding section il was pointed vut that a charged particle ‘-:j)
in resonance with an electromagnetic wave exchanges encruy with the
wave. Fron: a knowledge of the wave power spectrum one might de-
rive diffasion coefficients that describe the changes in the particlea’
encrpy and pitch-angle distril.utions. tHowever, the picture would not
be complete because the resonant particles cause absorption or ampli-
fication of the waves. The effect ol the particles on waves that propa-
pvate through the plasr.a 8 accounted for in the dispersion equation.

The equation-of-motion of particles interacting with a plasma wave
is the Bolt2zmann equation (Fquation 3 .91). Let the distribution func-
tion be represented by a constant part f, nlus a small part perturbed
by the wave, f;. When . . F|, and T + B} are substituted in the
Boltwmanrn equation, the result, to first order in the perturbed quanti-
ties is the Boltzmann-Vlasov equation (Reterence 26);

of w - : -
o 1 _ g 1

< Iy
- s} o N V 0 —— 7 . v + 4 - e . V ' i .
£, 7(p‘x z) pfl q E’, prl pf ) | |
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Collisions have been ignored here, they can do no more than absorb :
envrpy from all particles, more or less independent of their phase re- ;
lationship with the waves. The wave {ield may be represented by the
oscillatory parts of Fquation 5-11, and f| may be represented by a
function of the form g sin{$ t ¥).

o~y -
. ”,s . (L
e e - -

t

The equations for longitudinal and transverse osciilations are separ-
able for the special cade of propagation along the direction of the exter-
nal magnetic field, For a more thorough treatment of waves of various
polarizationy propagating at arbitrary angles to the magnetic field, see
Reference 154, and particularly References 137 through 140, lHowever,
most of the interesting results follow from a simplified treatment, so
the discussion here will be limiteu to.parallel prepagation.
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Substitution of f; into the current equation ‘

‘Tl il_'"‘;.J' a’ p vf

g

0 {(5-109)

TS

facilitates the elimination of g, k), and k.. The result is the disper-

-

|

sion equation relating the frequency and wave number of curcularly '

polarvized waves (References 133, 134, and 141): i

' ) p

22 2 v 3 Pu l
: wW” -k ¢ ..Z wp(c,i)"'dl)Z)/ 3
L electrons :

and ions
i kp" of/n kpx 3/
i + (5-110)

W~
(wgwc - kp, /mY) mY [ 4 P, mYy bp“

Note that the pyro-frequency still contains the factor 1/Y. The upver
signs pertain to right-handed (R1) waves, and the lower signs pe:tain
to left-handed (LH) waves. T'he dispersion equation for longitudinally
polarized waves is (after a partial integration with respect to p,):

B Al e e

w P> 5 TN v L |
A ple, i) v9" Pyl (o wp /ny? ’ !

electrons {
and 1ong : i
e o

{ (R-111)

D | Y - . ! H
( T |
The clectron and ion plasma frequencies are (References 32, S8, and
128): k :
{ :
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e
E ' o f2Tne (5-112a)
S sy |
o for electrons: —
S T 4 -3 |
w (8ec %)= 5,641 ¥ 10 n_{(cm™7) (5-112b) -
pe e

and for protons:

w (sec-l) = 1,317 % 103 /;.(cn1"3) (5-112c¢)
pi vVii

N g T
)

A uscful parameter characterizing the ionization density of a mag-
netized plasma le the ratio of the squares of the electron plasma (re-
quency and the electron gyro-frequency:

R

e

2
wpe 4fln('mec
Q = - —-——2—— * (5-113)
Qe B

{There does not seem to be a well-established symbol for the quantity

defined in Equation 5-113; the chcice of Q is rather arbitrary.) Here-

after, to avoid confusion, the capital letter symbols 8., Q ., O, will

he used to designate the part of the gyro-frequency that is independent (‘“:h,}
of the particle momentum. The plasma density paraneter, Q, is es-
setially the inverse of the magnetic energy per particle, a parameter

tnat appears in much of the current literature (e.g., References 124

and 142 through 144), Figure 5-19 shows some typical values of Q

throughout the magnetosphere, Generally, it is anticipated that the

character of plasma waves changes dramatically as Q passes through

the value of 1 (References 142 through 144), [t might be further de-

duced that the interactions between waves and particles have different

ccasequencee {nside and outside the plasmapause -where Q may drop

from a value greater than 1 to a value much less than 1. It likewise

can be inferred that plarma oscillations are insignificant below the E

layer of the ivnosphere where Q lalls rapidly toward zero.

Consider waves iraveling in a plasma with an isotropic, low temper-
atuve particle momentum distribution. Since electrical neutralily re-
quires equality of the nurmbers of tons and electrons, the ivn plasma
frequency is neglibible compared with the electron plasma-frequency,
The dominant terms in the longitudinal-polarization dispcersion equation,

5-111, are
2 2
woorow 4u;2 -:nzsz (9-1149 i

pe pi P Pv
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That is, in a cold plasma, the only possible longitudinal waves are
non-propagating electrestatic ogcillations at the piasma frequency
Qp (Reference 128).

Electrostatic -type waves propagating at large angles from the mag-
netic field have been uvbserved (Refrrences 146 through 149), althouph
their significance is not vet fully understvod., Some electrostatic
waves can exchange energy quite efficiently with trapped particles
near the loss-cone of a typical trapped pitch-angle distribution (Re-
jerences 150 ard 151), Electrostatic waves have been shown to bLe
very effective in accelerating trapped particles (References 152 through
154} and might perhaps be shown to be responsible for many of the
effects once attributed to ciccularly polarized electromagnetic waves.
The treatment of electrostatic waves is slightly more complicated
than the circularly polarized waves, and the interested reader is re-
feried to the sources cited above and Reference 123, It is certainly
agreed that most of the waves generated in the upper ionvsphere are
electrostatic in nature, althoupgh their effects on trapped particles
are limited to the edge of the loss cone; for a particular example,
see Reference 156,

The propagation of circularly pularized waves in a plasima congist-
ing entirely of low-velocity particles is described by the cold-plasma
dispersion equation (References 128 and 133)

v (43, -w) (Qi» W)

¢ ke

3 (5-.11%)
(61w (B -6
¢ i p

Again, a single equation, without the ' signs of Equation $-110, suaf-
fices for both RH and LIl polariz_tion if wis considered to be nepgative
for LH waves and vice versa. The cold plasma dispersion equation iy
rither insensitive to sinall deviations from propagation strictly paral-
lel to the external magnetic field (References 128 and 133)

Usaally, in the mapnetosphere , the wave frequency is low enouph,
and Q is sufficiently larpe that an adequate approximation to Fquation
5-115 is

V‘p ,/wtﬂe -w

c Q
p

}Qi <w<<ﬂe (5-116)

The low-frequency right-handed waves to which Equation 5-116 applies
are in the whistler mode; whistler-mode waves are one of the predomi-
nant types of magnetospheric VLF radio noise. At somewhat lower
frequencies the RH waves are in the magnetosonic mode
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V‘D ,/ne(ni« w |

— ~ b lwl <Q, . (5.117)

p

The LI analog of the maynetosonic mode is the ion-cyclotron mode;
ion-cyclotron waves also obey Equation 5-117 (with a nepative frequencyl.
The interaction of ions with ion-cyclotvon waves is quite similar to the
interaction of electrons with whistler waves,

Of considerable practical interest is the resonance condition relating
the wave frequency tou the velocity of a resonant partivle. For» an elec-
tron in resonance with a whistler mode wave, Fquations 5.103a and
5-116 give

(5-118)

The corresponding resonance condition for an ion in resonance with a
wave in the ion-cyclotron mode is

Vi /ne(ni' w)
—_— . (5-1149)
¢ wh
p )
i)
The resonance conditiond for an electron. proton plasma are plotted
in Figures 5-20 and 5-¢21, fur electrons and ions, respedtively. The
plotted curves include the umplete dispersion equation, S-115, and
the relativistic corrections, It is remarkable thal the necessity for
the relativistic corrections depends more upon the value of Q than
upon the particles' speeds. Fur large values of Q (3> 1) the relati-
vistic and non-relativistic resonance conditions are nearly identical,
For very small values of Q the relativistic resvnance condition in the
vicinity of the gyro-frequency gives a resonant momentura about one -
half that predicted by the simpler non-relativistic Tornmla,
The resonant momenta very near the gyro-frequenrsies are aclually
slightly modified by the effects of finite plasma Lemperatures. A
simple test of the necessity for finite-temperature corrections is to
compare the kinetic energies of the important resonant particles with
the mean thermal energies. Generally, the resonant velocities at
low frequencies are far greater than the average thermal velodities,
However, if a finite-temperature correction is needed, the form of the ;
distribution function must be retained explicitly in Fquations 5-1i0 and !

5-111, rather than regarded as a Dirac delta-function around zero
momentum, One case in which the finite-temperature corredtions
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The relativistic resonance conditions for protons interacting with
circulorly polcrized waves in on electron-pioton plasma. (On
the right-hand portion of the figure, the protons are in resononce
only with right-handed waves. (n practice unly, the region
around proton gyro-frequency is of interest; there is @ minimum
momentum below which resonance with right-handed waves is
effectively prohibited.)
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temperature must be considered. The vorrected ion-cyclotron wave
phase velocity has a minimuim near ., which, inturn. lcads to a
mininrum resonant velocity (Reference 133). The computed mininuam
phase velocity and electron momentum are shown in Fipgare 5..27

The mininmum energy of an electron resonating with won-cydlotron i
waves inside the pla masphere is ¢f the order of several MeV
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AMPLIFICATION OF PLASMA WAVFES- INSTABILITIES. The
cold plasma dispersion equation (Equation 5-115) was derived subject
to the assumption that the only contribution to the integral of Equation
5-110 was near p-0. Of course, most plasmas, and especially the
magnetospheric plasn:a, include erouph particles at finite momenta
that the denominator of the integrand makes a large contribution at
P m)/(urfurc)/k. The denominator i3 singular at the resonant momentum,
and only yields a {inite result if 2 small imaginary part is added to
the frequency or wave number (References 58, 133, and 134). This
is equivalent to » multiplication of the amplitudes of the sinusoidal
wave fields by an exponential growth or decay factor. Because the
waves in ithe magnetospheric plasma pass through spatial inhome-
geneities, it seems proper to consider the anmplification rate 6, the
imapinary part of the wave numher. The growth rate, waich is the
imaginary part of the frequency, is ideally a characteristic parameter
of an infinitely extensive homogeneous plasma. Either parameter can
be derived from the bagic dispersion cquation; the amplification and
irowth rates are related through the group velocity Vl’.' or

£ AT

L

A Sa A

In:(w) AW, r
Im(x)| 3k Vg - (5-120)

For transverse circularly polarized waves, the group velocity is

Ao, o @ w0 @ wia v’
v L 2 P 1 e
g 2 2 2 , .
@100 -wd 0109, - w02

(5-121)

A straightforward derivation of the amplification rate often yields
: a combination of two solutions -a growing wave solution, and a decaying
wave soiution. One of these solutions 18 not meaningfel, and can be
ruled out because it does not conserve energy. The convention followed
here is that a positive amplification rate applies to growing waves
in that case, the waves wi!l gsrow until either a major part of the parti-
cles' kinetic energy is dissipated or the waves are restrained by an
external agency. A negative amplification rate means that the parti-
: cles absorb energy from the wave.
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\ S The energy source needed to susiain wave growth is just the kinetic
‘ energy of the (aster resonant particles, If it i8 assumed that the waves
have not had sufficient tine te exchange appreciable .nnounts of enerpey
from the particles, the constant part of the distribution may be splil
into two parts: (1) an isotropic, low-temperat:re part, and (1) 4 non-
thermal part that may comprise only a small fraction, 7, of the total
number of particles, The real part of the dispersion equation is merely
the cold plasma equation, 5-115. The imaginary part, which gives §,
involves an integral over the non-thermal part of the distribution. If
the non-thermal part uf the distribution is represented by £(p). now
norrmalized so that

S s L (5-122)

the imaginary part of the dispersion equation is

-2kbe” - T na’ {sign}
ions + electrons p
3 P 6/my [ w f
C I 2 ww) = P e Moa
“ie 7 ¢ s 2 2 22 "dpr  wiwe " 3p,
(v s -kp, /o) Tipn €7/mTy

. (5-123)

There is an ambiguity of sign in the above esquation which will be re-
solved in the final result. The equation is of little intereat itself except
to dermonstrate that the integrand is very sharply peaked at the resonant
momentum, If 6 i8 much less than the real part of the wave number k,
he 1ntegration can be perforiried with the ald of the Dirac delta function

| lim €
delta(x) : >y sign(e) € =0 -3-—7 . (5-124)

The amplification rate is

6 v Yo £ ign (€) wp”
3 ? iona + electrouns T nT
L7 pdp __12_ 2o, 2L b 2L r!l‘~’-~2—';) - p
o 1T V\ Wi, Y14 op, '31);. ¢ ,pL;p“ R e
S (5-125)

The integrand must be evaluated at the resonant momentun, P @ solu
tion of the rescnance relation
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The phase velocity is generally small compared with the apeed of
laght, in which case the cowrplicated denominater disappears and an
integratioa by parts gives

R 2
2V w
g . 121 sign () n _E2
2 2 jons + electrous ¢ m
"J of W
." d —-= -1 -2 -
vo PLYP, {[ ap| Yy, apL Pu e f}p" - Py (5.127)

The last part ol the integrand of the abcve equation ir always nega-
tive and, hy itsclf would lead to wave ansorption. The explanaticn
for, and consequences of, the abeorptivn are analogous to Landau
damping in the simple theory of electrestatic waves (Keference 133),
The damping effect arises because any distribuiion function begins at
come point to fall off with increasiny momentum; when that happens,
there are more particles which tend to retard the wave than there are
accelerating the wave. The actual L.andau damping of transaversely
polarized waves is somuwhat complicated by propagation at finite angles
to the magnetlc field, where the waves tend to behave as though they had
also aa appreciable electrostatic ~mode component (References 157 and
158). All that is iniportant here is that when the pitch-angle distribu-
tion is sufficiently anisotropic,the {irst part of the integral predomi-
nates and some waves can exparience a growth in amplitude.

The non-relativistic approximation to the last eguation is often pre-
sented in terms of the anisotropy (Reference 1314

400 —— 3} :f_ - i{-. -
J o] dp pu al Ap p]. opu Py = pR
A e St 2 — . 51K

. ]
)
© J‘o P dp; fpu

PR

The necessarv conditions for wave growth (in the precence of a single
dominant resunant speciea) are simply

electrons in RI waves
ions in [}l waves

A > w

(_‘:l'.
8. w (H-129a)
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A <- ‘ A < w }clectrons in LIl waves
-y QC P W ions in RH waves

The amplification rate by itself does not tell much about the be-

havior of plasma waves. The amplification rate is, merely, the linea-
. rized rate at which the amplitude of a perturbation bagins to increase.
A calculation which results in an amplification rate comparable with,
or greater than, k is in obvious conflict wath the condition for the vali-
dity of Equation 5-.124. Such a recult should be taken to mean only
that the plasma 18 highly unastable to peneraiior of waves., When the
sitrple lincarized theory leads to contradictions, or when the wave
amplitudes have grown large, sovme form of nonlinear treatment must
be employed, One successful analytic method for treating nonlinear
growth is referred to as quarilincar theory., Quasilinear theory is a
second order approximation in which the part of the disteibution function
that is constant in the linecar theury I8 allowed to vary at a slow rate
cornpared with the wave frequency. Quasilinear theory leads naturally
to diffusion coefficients that describe the behavior of the plasma over
extended time intervals., Some applications of quasilinear theory to
magnetos pheric waves are to be found in References 1595 throuph 167,

A computational method that is beginning to prove its valae in the
solution of plasma problems {8 computer simulation. The most versa-
tile plasma simulation programs are based on the simplest formula-
tions of the equations -vi.-motion of a charged particle, or proup of
particles. The trajectories of many particles are numerically inte-
grated over many staps; at cach step all the ficld quantities are re-
computed from the particle distribution and used to alter the particle
trajectories in the next step of the integration. The method has many
limitations, aul the least of which is imposerd by the storape capabili
ties and computation times of large dipgital computers, There ave
many awkward difficulties that still have to be overcome in the ap .
plication tc magnetospheric problems, particalarly the larpge muaxs
ratio of fons to electrons and the representation of the dipole field
Reometry., liowever, the successes of the method have been impres -
give; for notable examples . see References 1ub throuph 170

—_—

Cfm et et T ae a pa—t e —-\,av.,—. R s R ——— L o e~ o =t ot o e e e
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In spite of the limitations of the lincarized theory it may he advan -
tageous to prescent some additional formulae to be used in estimating
amplification rates. When the variables of integration are the cosive
of the pitch angle, 4, and the total momentum, p, the amplification
rate becomens

2
”Z \" w
$ : = Ly sign (Q) "_B
2 C w
¢ ions : electrons

—
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C

When the integration is restricted to a single plasma vomponent, it may
be helpful to change variables to the dimensionless set

X m/ﬂe (5-131a)
U = Vw/c (5-1311)
W pl/mica (5-131¢)
Q = af/t (5-131d)
p e
2,552 5 -
Qn Ql-IOT = 417:1”0,1_ m ¢ /B (6-13le) (&1‘3
Z mxae (5-1311)

where Qy; refers to the “"hot" vomponent. A larpe amplification rale
occury for Z near !. The aruplification rate for the eledtiron conpo-
nent and the resonance condition are

1
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? < wy T
o *> »
w{ ;"' (“') Equation 5-132 and all the following forms of the amplification rate
S can also be used for the ion component if the toliowing set of variables
23 . is used:
i B T
ol % R = m_/m, (5-133a)
By - ¢ !
Yo
? ! X = -w/f - -X/R {5-133h)
¢ .
b ! '
A 2
§ t W = pzlmizc (5-1330)
¢ l 2,2
A ! Q = w./Q° - Q/R (5-133d)
i pr 1
A | 2, .2
% o SLLMPNUNOAL (5-133e)
i Aoe b - 1.
A ! . b/ (5-1331)
!..1:, 1 -
'w‘ l : The resonance condition fur the ions is
o i
' ’ . 1 2
' (h-2) (1+ R 7 7 . /1 - P
| W, ...'__,._)_’(._’_‘_l_x_). [\-/(I-X) RENG - % o (1-5) (nRX).Q] .
:! ' QZXM L . ;:
(5-134)
’ If the distribution function is separable, (. e.,
1
! {(u, p) g(K) hip) (5.135)
and,moreover, the pitch-anpgle distribution is of the trapped-type form
4
ni} 2
. T anie ]
i g(u) (1 - u) , i
'; VLAY (5 136 !
B 2 4
i A
'! (sin & )n ‘
1 W 1
; p
g
1
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then the amplification rate reduces to

ni)

2
‘1‘(-»-—) U Q”

N
:/‘ o —
8 1“9:'-?—‘) X
n/e
) A\ W w
1/y-% R R X ‘ R
xw dw §n( < +W..)-2(1+-7- Yo )( T‘) h(W) .
R
(5-137)

The anisotropy (Equation 5-128) for this case is just A n/2. 1f the
momentam distribution is Maxwellian-like, as defined by the formula

h(w) - exp(-W/WU) , (5-138)

the amplification rate is

nt 3 é

, AT T=) Uy

. 7 v NUREYZE

e T mZ)r(_l_i) X\hujl

@ W\

. 1/y-X R

’J dw % I‘l( ¥ ! W )
"R

' &(’ Ea ry—x“)}( ) whIE el v N

15.139)

The abcve equations are well-guited to numerical computations only
in the non-relativistic limit when ¥ is near 1: then, Equation 5-139
reduces to

5-86
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o ne 3 H W
, T I UQp, exp |- R)
: K _m2 U3 W i TN
TeSIT== W, 0
‘l~7 r
*adlalX L. R Yo { /e oW e
."o y 3 Y'WR/WO y {ly PR expl -y
(5 -140a)
Uc‘n{ul l-“;)('" 1 : )'('J “ lnx} ‘ (5-Thab)

Some numerical values of the functions G and G, are given in Figare
5-23 for selected values of the parameters n and V. (In nwmch of the
carrent literature, e. 2., Reference 134, the G, tern is ignured;
then the instability condition, Fquation 5-12Yy, follows inunediately
for A - n/2.)

lowever, another form of the amplification rat.e resalts if one of
the variables of integration is tle wave-frame momentum, Py (kqua-
tion 5-104). If the remaining variable is x, the tactur within the gquare
brackets of Equation 5-110 is simply (Reference 171)

P, Apun whw,, pu ap

4

- W
A% c A% df
= [‘PL oo \-ﬁlwc " ——ap*] Pl (5-141

The amplification rates above have been applied mainly to trapped.
type distributions. A trapped-type distribution is unstable to generation
of waves whose polarization is in the same sense as the gyro-rotation
of the particles, i.e., electrons excite whistler -mode waves, etc.

Beams of particles localized around some pitch angle usually in the
loss cone, have been suggested as an agency for exciting plasma waves
(References 172, 173,and 174). There is one interaction of this type
which might be important to electron trapping and loss, i.e.. the inter
action between relativistic electrons and ion-cyclotron waves (References
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Figure 5-23a.  The functions G| ond G2/G used in evaluating the wave amglifi-
cation rates cf Equotion 5-140b; v = 0. (The lower curves are G

for n from zero to 10 in increments of |. The upper curves are G?/
Gyforn=0,2, 5, ond 10.) '
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The functions G ar:d Go/G used in evaluating the wave amplifi-
cation rates of Equation
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175, 17¢, and 177). The resonance is near the ion gyro-frequency, or
near X = -1 in Equation 5-133., A beam-like distribution to be substi-
tuted in Equation 5-132 is

4 4 2
(B, - B - 24+ 24

[& 23
(- p)

2

- — exp(--W/wo) . (5-142)

f = 3 372

WO
The amplification rate for this case is
3/2

exp(-WR/WO) . {S-143)

‘The maximum amplification rate for slectrons confined tc the loss cune
with energies of several MeV is of the order of 2 ~Q. Thie instability
could be responsible for turning some electrons injected by a high-altitude
nuclear explosion into the trapped part of the distributiorn (References

176 and 177).

3.5.5 Pitch-Angie Diffusion and the Loss of Trapped Pa:ticles [

PITCH ANGLE DIFFUSION. The scattering of trapped particles
by electromagnetic waves very much resembles the scattering by bouand
and free electrons in the atmosphere. Fokker-Planck coefficients can
be derived for the wave-particle interactions and included in the pitch
angle diffusion kquation 5.21, The Fokker-I’lanck equation for wave-
particle interactions, neglecting energy loases, has just two coeffi -
clents; <Au> and ((Au)2> (References 134 through 135), As in Section
5.4.4, a simple relation can be censtructed between two Folkke’r -
Planck coefficients if a particular solaticn of the diffusion equations
is known. An iegotropic pitch angle distribution (T ) independent of
K] i3 a steady state solution of the pitch angle diffusion equation. [his
is essentially because, near resonance, as many particles wer V bhe
subject to acceleration as subject to deceleration {Section 5.5. . Re-
ference 26). The rate of change of the distribution function { is there-
fore zero, and the Fokker-Planck equation reduces to a simple differ-
ential equation relating two diffusion coefficients. After some simpli-
fication, the diffusion equation for the pit-h angle distribution of trapped
particles is

5-92




-

>

e &

< Aha-Sahir
‘

At Y

Bl Sl ol

LA

7

B & S

s T T e W

S5

o

s

. -y

e M A W A R L L AL LE CT  CaeTmee a

B VPSRN RETR R WS TP - IV ST - L ATRT Y,

2 December 197

M: 2 Da_fiﬂ_). (5-144a)

Bt dy dy '
)

D= % {ow)®y . (5-144b)

The single diffusion coefficient D can be estimated if the variation
in the pitch angle is known for a single interaction with a wave of
known characteristics. The pitch angle aiteration 1s found from the
changes in the momentum components. From Equations 5-104 and
5-10n, the relation between pitch angle and the longitudinal part of
the momentum tis

~ rooy .
p“m)' Vo

6“ - - -...—_;3—--—-— 6p“ . (5-]45)

o |-

The change in p;is just the acceleration q\'rxﬁllc multiplied
by the time 6t during which a particle is near resonance. A particle
that is an amount 8§k away from exact resonance falls out of phase
with the wave in a tirre roughly equal to 2/v,,6 k . With this substitu-
tion for 6t and neglecting terms of ovder VLD/V , the diffusion coef-
ficient bacomes

2 2 2
mw {1l -u") B /bk

D = Z = ) (5-146)
PYH B¢

p
The factor B:/O k has the form of a powe spectrum (amplitude
squared per unit wave number, Secti 1 5.5.2; Equation 5-95). It
represents the magnetic fluctuation energy in a band of width:

A -
6u,~k bk VmGk . (5-147)

As in the case of radial diffusion and buunce resonance diffusion, all
that is needed to fully determine the ectffects of pitch angle scattering
is a knowledge of the spectrum of waves. In practice, the major
obstacle in this approach is the difficulty of measuring the amplitudes
of waves that are not readily transmitted through the i1onosphere and
atrnosphere. The spectrum of whistlers and very Jow frequency
(VLF)} roise ohserved on the ground is largely irrelevant because
these waves already may have lost significant amounts of energy to
the trapped particles (Reference 123).
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When the energy cxchanged between waves and particles is not

negligible, the cnergy diffusion terms in the Foklker-Planck equation
aiso must be taken into account, But because energy and pitch angle
are interrelated, the Fokker-Planck equation should transform to an
equation in one variable. The diffcrential operators are generally of

the form (Reference 119):

2 )
2p Ry
L2 .y LA I o (5-148a)
Hp W\ 3p, @p, ap, op,
> 2 . . -
Py aI"u R mva BPL (5-148b)

When the distribution function is a function of py, and some other
variable, for example,x, the differential operator (Equation 5-148)

is just

dp dp
W 2x wex )2 (5-149)
dx

)
Sp dp, 3p, dp, ¥p,

In terms of the pitch angle cosine y:

pZ P v
F) P, f] ( . 1 %) )
N ATl RS Al L (5-150a)
$p p |p? w { M © pZ mY cz ou
P pmy V .
N R > L2 _Ep. . (5-150b)
P P
The diffusion equation properly shiould have the formn
N mV myV
ar  Pw ¢PHl 3 ePH ) as
3T T -~ > 3T Df1 - T 3p (5-151)
P 3Py Spy J

tp and ¥ are not constants, but functions ¢t py- and w. The diffusion
coefficient D is the same as was given in FEquaticn 5-146 (Reference

135 contains another derivation of NDi. tHowever, when the miomentum-

space diffusion trajectories differ appreciably from true circles, the
V . terms are not negligible and Equation 5-151 as no longer the form
oisja simple diffusion equation, such as Equation 5-144,
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(!i A In practice, the diffusion coefficients are computed with the aid of
the quasilinear theory, The averages along the field lines are formed
according to Equation 5-21{ and the proper diffusion equation (assuming
negligible energy loss) is Fquation 5-21g. Most wave particle {nter-
actions take place near the equator (Reference 134); this does not mean
that the averaged diffusion equation is equivalent to the simple diffusion

. Equation 5-21le,

THE SELF-CONSISTENT THEORY, LIMITS ON TRAPPING. If the }
radiation belta are regarded as a closed syatem, the trapped particles
must reach some sort of equilibrium with the waves they generate. !
The greatest number of particles that can be trapped is just sufficient
to maintain growing waves against absorption in the ionosphere or es-
cape from the trapping region. Any excess in the number of trapped
particles results in enhanced wave generation and pitch-angle diffusion.
ro A group of waves travelling along a field line is amplified by an amount
exp (6Vgtw), where t,,, is the time the wave gpends in the region of
interaction. In equilibrium this is just balanced by the wave losses due
to imperfect reflection at the ionnsphere; the amplitude at the ioncaphere
is diminished by 1 minus the reflection coefficient Ry . The equilibrium
condition is (Reference 134)

REGHLT Fas e -
* . .

Pt seeas o b o
. ~ ¥

W e s e e m— e

6Vgtw e Lan . (5-152)

— ————— e e e A i s+ 4, e

The parameters Ry and ty; are both highly uncertain. An upper limit
to tyy would be the wave travel tirme for a complete traverse of the

field line. The varying conditions along the field line ensure that waves
and particles fall out of resor.ance long before they hi.ve reached the
limits of their travel.

—

v ew

When a bunch of trapped particles excites waves that can grow ap-
preciably during a single bounce period, a large fraction of the parti-
cles may be lost immmediately. This vase i8 known as strong diffusion
Above some limiting kinetic energy weak diffusion prevails. and most
particles require many bounces to ditfuse intc the loss cone The time
scale for weak diffusion, 1/D. is much longer than the jounce period j
Weak diffusion does seem to apply to trapped electrons with energies 1
above 1.6 MeV (Reference 134). A computed trapping liniting for
somewhat lower electron energies ©~ <hown in Figure -24. The larg-
est fluxes do seem to approach the Lrapping limit on high I.-shells.

N TR . e A n

B i —

Although attempts have been made to improve and verify the trapping
limit theory, particularly in regard to the strony and weak diffusion
limits (Reference 180), it stil! suffers from many uncertainties in the
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LSRN s

Tk

5-95

i
L T NPT | O B P st e Sl 6 i ITIAL T A ua’

_—— - e s M

Sl A eaend st i e R AT el MR i Sttt Bk skl st s BN ) hn A oar o " . - i i Lo “ .. S




BT O TR TN B e e« < e e g

2 December 1974

:.‘ t I
5 9
2 0 Wr——————————r—r7T T
N
o AR 1 RANGE OF EXPLORER JIV
v A I TRAPPED FLUXES > 40 KEV
] v\ . {OMNIDIRECTIONAL )
% W - - ¥, ~~ WHISTLER MODE =
g. t\\\\ T( LIMITING FLUX
o : RO (LN Ga3)
E‘i O ;’\ \s
,,: < \\\\ hﬂ - .
E X SO == woow
::.‘ ) 10 S L‘\‘\ -
5. SR DAWN
§ “so 1 levenine
[¢2] ~
; @ <
3 - MIONIGHT
tei ' .
;L‘ § 0~ Jb 4 i "ﬁ
ii;:‘ ?E -
E o
‘ ——
:\: _’0
7 x [
i D - -y
=2 10 .
w .,
g 4 )
z
Q
= 4
0 .
Q w
«
3 l L
z ¢
3
0 - @— AVERAGE DIRECTIONAL FLUX OF ~
—_— PRECIPITATED ELECTRONS > 40 KEV
(INJUN 7IX)

Figure 5-24. Limits on trapping of high-energy electrons (Reference 134).
(An assumed wave reflection coefficient of 0.1 was used to
derive the dashed curves. Observed fluxes were obtained
from References 108, 178, ond 179.)
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evaluation of inter-related parameters, The theory might, however,
be of considerable value in its application to transient events, such
as the injection of an intense artificial radiation belt (Reference 181),

The "alot" in the trapped electron distribution is a particular fea-
ture of the radiation belts that might be due to wave-particle interac-
tions. Trapped electrons scem to be distributed between two belts
separated by a distinct gap between L = 3 and L s~ 5, [n Figure 5-24,
. the observed fluxes below L. & 4 are well below the fluxes predicted
3 by the simple theory. The electron flux in the slot is apparently kept
low by a combination of the effects of very efficient reflection and
diffusion of wave energy toward lower L-shells (References 184 and
138), When a whistler-mode wave deviates from strictly parallel
propagation and its trequency approaches the local lower hybrid re-
sonant frequency,

Sk B o

-

B S RIS L T

o

; 2 2
; : Q
b (4w 85,
w = ; (5.157%)
» LH - 2 )
Qi (Oi+ ue) 1 wpi

it can experience nearly perfzct reflection at the upper ionosphere
(References 124, 133, and 182). The necessary conditions seem to
be mat in the region of the slot. The equilibrium condition (Fqua-
tion 5-152) is satisfied in the slot region only if 6 and the electron
flux are very small,

Trapped electron and proton diffusion coefficients have been com-
puted in a semi-self-consistent model in which the deviations from
parallel wave propagation have been explicitly taken into account (Re-
ferences 137, 138, and !39). Some sample diffusion coefficicnis are
shown in Figure 5-25. The peak in the diffusion coefficients near
90-degree pitch angles occurs hecause waves propagating at finite
angles tc the magnetic field appear to the resonant particles like a
mixture of electrostatic and electromagnetic waves, The particles
can resonate at all harmonics of the gyro-frequency., The resonance
near 90-deeree pitch anzles is the zero-order, so-called Landau
resonance {References 137 and 138),

THE RING CURRENT AND THE PLASMAPAUSE. During periods
of geomagnetic disturbance, intense electrical currents are carried by
trapped protons near the equator in the region frem I.»=3to L=6, or
beyond (Reference 183). This ring current is related in a way that is
not yet fully underatood to the more stable trapped particle belts. The
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Figure 5-25a.  Sample diffusion coefficients for electrons ot L = 2.
listed with each curve in keV (Refetences 137 and 138 and personal

communication from L.R. Lyons).)
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Figure 5-25c. Somple diffusion coefficients for electrons ot L = 4. (Energies are
listed with each curve in keV.)

'rr.'.-
—— ]

o~
i

5-100




.3%....¢.m.‘wnﬁu%ﬁﬁ3,:.u»l??.,u..i\a‘
T2 P
1

¢ LTa AT !

o,
o —— - gt et i ol Vet ¥

5-101

/f
|

/

!
90
(Energies

LTI T T SR IR v s e g

5.

2 December 1974

PO VR

RSN

Sample diffusion coefficients for electrons at L

ore listed with each curve in keV.)

'y

E = 20 KeV
S0
E = 200

. ok
v M

L
-
-
-
-

Figure 5-25d.

* raean

o .
© tr o i A2 a0 A AR et T

- ————— —

R F N

e e ah AL

5.

———

T et laliLd dﬂ o v - | .
;- - . wu‘ 123 P o 3 S ek w e - . .
EF SRS E?E!W?Eefmﬁ*@»#ﬁ&h»ﬁiﬁmrﬁihﬁ& TR T QALY




V \‘.': 2 December 1974

%y ring current is established in a time that may be as short as 1 hour.

Vv During this time, protons of energies less than 100 keV must enter the
magnetosphere and be tranaported as far inward as L &3, (One me-
chanism that wili accomplish this is Bohm diffusion (Reference 185)
which takes place at the muximum rate possible. Particles experi-
encing Bohm diffusion are displuced by one gyro-radius within as little
as one gyro-period. Rapid alterations in the ring current may be ac-
cepted as evidence of intense wave turbulence during geomagnetic
storms-—intense enough that the slow radial diffusion discussed in Sec-
tion 5.4.4 is no longer valid.

The rapid pitch-angle diffusion and loss of ring-current prctons
muct be primarily dve to wave-particle i teractions in the vicinity of
the plasmapause. One possible mechanism is the interaction of pro-
tons and lon-cyclotron waves. At the plasmapause, the ring current
cncountere a tremendous increase in the plasma ionization density
(se= Figure 5-19). The increase in the number of ions leads to a
change in the anisotropy (Equation 5-128) which results in a large in-
crease in the wav: generation rate (References 186 and 187). There
are, however, some major difficulties with thia theory; the expected
large rates of precipitation of protons into the atmosphere have not
been chserved where they were expected (Reference 188), Thus, it
remains likely that other processes are involved, sach as the inter-
action of protons with electrostatic-type waves,

ARTIFICIAL STIMULATION COF PLASMA WAVYES-COLD PLASMA Y
INJECTION. It hae been suggested that the deposition of large amounts ’
of cold ionized plasma in the trappad radiation beits might stimulate
the generation of plasma waves (References 142 through 144}, Pre-
sumably, this might be a mechanism for artificially altering the dis -
tribution of trapped particles. If it were feasible, it would require
comparably small inputs of energy to achieve significant results.

To see how the injection of cold plasma would affect wave ampli-
fication, note that an amplification rate generally has a form like Equa-
tions 5-127 or 5-140: an integration over tl:» momentum or enerypy
spectrum multiplied by a factor that depends un the anisotropy of the
"hot" part of the particle distribution. The energy dependence part.
as in Figure 5-23, has a broad maximum where the resonant momentium
is nearly equal to the average momentum. Ilaterms of the dimensionless

parameter 3
w p?‘ !
R R : 1
K = W _I;é_ : (5-154) ¢
O
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g% p'*;\,-i () the maximum is near K=~ 1. For values of K greater than 1, the
£y Bt energy-dependent factor falls very sharply. The relation of K to

wave frequency for whistler waves is approximately

(1-X)°

K ~
)(QWo

(5-155)

However, the anisotropy par: of the amplification rate has a cutoff fre-
quency above which waves cannot grow; in the formulation of Equatior.
£-140, the cutoff frequency is

n
X = ““"C‘Z/G)) rarliE {5-156)

S g AR TS Tt
S a1 (e g
;
SRS

-

Comparison of the above equations reveals that for very small values
of the plasma density parameter, Q, and small values of the anisotropy
parameter, n, the cutoff frequency corresponds to a large value of K.
Frequencies below the cutoff correspond to very small amplification
rates. As (Q is increased, the amplification rate near the cutoff fre-
quency increases dramatically. Figure 5-26 shows how the ampli-
fication rate depends upon frequency. For any given value of Q (or
of QW,), there is a fastest growing mode whose frequency shifts
toward lower values as Q is increased, For values of Q greater than

{ - about l/Wo. the maximum amplificaticn rate is somewhat less than

Z ~ QH‘/WO . (5-157)

As O is decreased, the band of amplified waves becomes narrower
. and the maximum amglification rate drops more sharply than can be
i illustrated on the figere.

vt o, N T P, . s §5 A P T A 5 vt S50 S S S o m ” A e

The simplified picture of stimulation of waves suffers some defi-
ciencies. For large anisotropies (nu > 2), the cutoff frequency is near
1 and K passes through the value 1 as the frequency is decreased.
This means that for sufficiently large anisotropies. the maximum
growth rate is near the limit of Equation 5-157. The main effect of

'i
{ increasing the plasma density in a highly anisotropic plasma is to in-
'; crcase the width of the band where waves will be generated, shifting E
: the peak growth rate toward lower frequencies and lower phase ve- »
! locities.
i b
: b
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Figure 5-26a.  The amplification rates of whistler-waves as a function of frequency
for a (sin ay) pitch-ongle distribution, (The momentum disrribution
is Moxwellion (U = 0). The waves are labelled by their values of
Q multiplied by the temperature W,.)
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Many detailed calculations of the effects of cold plasma injection
have bazen performed (References 188 through 195, They are in agree-
ment on the validity of the effect. ilowever, the sensitivity to the
trapped particle distribution is so great that a practical application
in the trapped radiation belts would be conditional upon an ability to
predict the particle distribution with far more accaracy and reliability
than i8 now possible (Reference 195).

A special caution is perhaps necessary in applying some of the
computed results here and elsewhere. The location of the cutoff {re-
quency is very sensitive to the form of the pitch-angle distribution.
Since the value of G depends so strongly upon K, or on frequency,
the largest growth rates at low-ionization densities may vary by many
orders of magnitude for various particle distributions (Reference 195).
Some calculations have been done with a bi-Maxwellian distribution
with two separate temperatures, T, and T ;; thal type of distribution is
probably a poor represenrtation of the actual trapped particle distribu-
tion.

Again, a self-consistent model is necessary Lo predict the actual
effects of cold plasma in tive magnetosphere. From the discusaion
of the last sections, and particularly EEquation 5-152 it is evident
that the trapped particle distribution may adjust itself to compensate
for changes in the wave spectrum. It appears that for this reason it
would be very difficult to effect a discernible alteration in the trapped

electron distribution with any conceivable amounts of cold plasma
{Reference 180).

Another approach to artificial stimulation of waves in the magneto-
sphere is by electromnagnetic waves transmitted from large antennae
on the Earth's surface. For many years it has been known that power-
ful vadio transmitters can trigper a peculiar type of very-low-fre-
queacy (VLF) emission from the magnetosphere. For a general dis-
cussion of the subject, sece References 196 through 200. Again, ‘he
expectations of dramatic rearrangements’ «f trapped particles are
low. 1t ie unlikely that enough wave energy could be "pumped' into
the magnetosphere to affect a larkge proportion cf the total number of
particles. The likeliest applications of triggered VL.F emissions
are likely to be in comnunications and probing the physical state of
the magnetosphere.
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5.6 COINVvECTION IN THE OUTER MAGNETOSPHERE
AS A SOURCE OF TRAPPED PARTICLES

Much of the kinetic energy possessed by trapped particles now
appears to have been acquired after their introduction into the mag-
netosphere. Tbhe solar wind is a likely source of charged particles,
but solar wind particles have rather low energies, comparcd with the
thousande or millions of electron volt energies of trapped particles.
A number of investigators hava attempted to expiain injection at the
outer part of the trapping region through a two-step process: Con-
vection w1 low-energy plasma down to che trapping region followed
by {or concurrent with) in situ acreleration of the charged particles
(References 20’ through 200).

Most =onvection theories embody the presumptions that, within the
plasmasphere (L ~3-4), the plasam> is constrained effectively to ro-
tate with the earth and that the outer edge of the magn«iosphere re-
mains fixed with respect to the sun and solar wind The basic
convective mechanism has been described in Sectior 1. One model
is sketched in Figure 5-27 (Reference 154). The ipper sketck in the
fipure refers to the situation that would prevail il tke plasmaspher-e
were stationary. In the lower sketch, the plasmasphere is rotating
with respect to the solar wind orientation and a shear exists *hrough-
o.it the outer magnetosphere, In the upper half of the figure is shown
an equatorial plane crouss section of the postulated circulation of
plasma in the maznetlosphere, The solar wind is assumerd to drag
the plasima back along the outer boundary, thus establishing two closed
convection celle, If a shear motion due to the rotation of the inner
plas:nasphere is introduced, the convection cells ara distorted as in
the lower half of Figure 5-27, The convective miotion brinpgs charped
particles down to the trapping region and also results in the eateh-
lishment of complicated electric fields that can accelerate the par-
ticles. Details of this and other convective processes are to be found
in tne previcusly cited refereiices,
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Figure 5-27. Convection in the equatorial plane of the magnetosphere
(Reference 154). The upper sketch in the figure refers to the
situation that wo'ild prevail if the plasna sphere were stationary .
in the lower sketch, .ne plasma sphere Is rotating with respact
to the solar wind orientation cnd a shear exists throughout the
outer magnetosphere.
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4

where Z is atomic nuinber, p the density in grams per cubic centi-

meter, Eq is ineV, and E is in MeV. This relatiouchip is valid

for a range of proton energies for which the coulomb interaction is

dominant for primarv displacemeuts and for which elastic scati~r- ,
ing is dominant for secondary displacements. In addition, the energy '
must be low enough so that the contribution of proton nuclear elastic

scattering and inelastic reactions to the displrcement cross section ,
is small compared to the coulomb contribution, For electrons, the {
evaluations are more complex but have been performed and illustrate i
the rapid rise above threshold tu a slowly increasing function of
energy above 0.5 MeV (Reference 12). i

-
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There evaluations are crude and correspond only to initial dis-
placements rather than actual defacts, but they are of qualitative and
intuitive importance in comparing di: placement production by par- |- -
ticles of differing type and energy. For example, Table 8-1 gives L
values of n4 and ¥ for 1-MeV electrons, 10-MeV protons, and 100- oS
MeV protons inciden. on Si. The measured carrier removal rate
per unit particle flu:nce, -dn/d®, also is given for comparative pur-
poses (Reference 9,

Table 8-1. Comparison of theoreticol displocement parameters
with measurad carrier removal in silicon.

4 n=$; p=Si
Particle -l v - dn/d® - dn/d®
{em ) (corriers/cm) (carriers/cm)
1-MeV Electrons 4.6 1.3 0.2 C.005
10-MeV Protons 1100.0 6.0 100.0 100.0
100-MeV Protons 130.0 7.0 - —

RADIATION DEFECT FORMATION PROCESSES. After the pri-
mary displacement or ionization processes, several intermediate
entities often occur before the final raaiation defect sites are estab-
; lished. These will be discussed for displacement processes in the
' bulk material and ionization near the surface.
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ko4 For displacement due to electrons irradiating the bulk crystal,

k - secondary displacements are few 8o that the distribution of defects

55 is approximated closely, at the first stage, by isolated, closely

‘ spaced interstitial vacancy (I-V) pairs (Reference 7). Often the
vacancy is mobile and migrates to defect or impurity atom sites

& [oxygen (O) or phosphrous (P)] or, conv rgely, the impurities may

Eﬂ' migrate to form stable sitea. Another possibility is that the vacancy
may recombine. As a consequence of these possibilities, the defect
sites will depend on type (n or p) of Si and on impurities. They are
morte easily annealable than are heavy particle sites.

Much information has been accumulated on the physical structure
of these sites (Reference 12). The relative number of such sites is
a strong function of temperature. Protons have more secondaries
per primary displacement and increased primary displacements per
centimetcr than do electrons. This suggests that the primary stage
consists of closely spaced, small defect clusters. The increased
ciuster size for protons compared to electrons means that anneal.
ing will be less probable but migration of vacancies (or interstitials)
should not be impeded. This indicates a strong dependence of the
resulting stable defect sites on the type silicon, impurity atoms,
resistivity, and vesidual impurities (O, P).

In terms of ionization-induced defect sites in surface layersfe.g.,
silicon dioxide (SiO;) passivation layers], the final defect site may
be (1) the initial ionized atom, (2) the result of the migration of the
site, or (3) the result of impurity migration to the site. Very little
is understood about the details of these proceeses, but the observed
effects have been found to be dependent on the magnitude and dis-
tribution of the surface cliarge (Reference 10).

SEMICONDUCTOR TRANSFCRT PROPERTIES DEPENDENCE
ON RADIATION-INDUCED DEFECTS. The effects on both the bulk
and surface semiconductor transport properties of radiation-induced
defect sites are best understood in terms of the concept of a recom-
bination center (Reference 8). Any defect site, whether natural or
radiation-induced, may introduce defect eriergy levels into the for-
bidden energy band gap of a semiconductor. These levels may be
described in terms of their cross section for capture or emisnion of
free electrons and holes. In particular, those states may exist
called recombination centers, which, after capturing a conduction
electron (hole}, will have a large capture cross section for a free
hole (electronjleading, in effect, to a net loss of an electron-hole

8-10
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SECTION 15

-A-

Absorptance, 8-3, 36 ff
(See Emissivity)
Absorption wave,
(See Wave absorption/
amplification)
Absorption center; Color center,
8-3, 4, 36 ff
Absorption coefficient, 8<-15
Acceleration/Deceleration, 3-21,
25; 5-42, 44, 49, 57, 60; 7-2;
9-1
Action integral, 3-27
(See Hamilton's equations)
Adhesives, 8-42 tf
Adiabatic invariant; Adiabatic
approximation, 1-79; 3-26,
29 ff; 5-56 ff
{(See Constants of motion;
Invariant surface)
first adiabatic invariant, 3-30,

64 ff, 73; 5-38, 42, 43, 56, 57,

60
(See Magnetic moment)
second adiabatic invariant,
3-30 ff, st ff, 64, 68, 73;
5-38, 42 ff, 56 ff
third adiabatic invariant,
1-10; 3-31; 5.33, 42 {f, 56
Air, 7-5 ff; 8-39
(See Atmosphere)
Albedo neutron; Cosmic ray, 1-11;
5-1, 26 ff
(See Cosmic rav; Neutron
decay)

INDEX

Alfven wave; Alfven velocity, l-1;
5«89 {f, 66 ff, 82
(See Plasma wave;
Alpha particle, 4-49; 7-1; 11-8
Amplification
(See Absorption; Growth
rate)
Angular momentum, 3-8, 9
Anisotropy, 5-82, 86, 103
Annealing, 8-10, 17, 38
Anomaly
(See fouth American , . .}
Antenna; Antenna power, 9-18
Antineutrino
{(See Neutrino)
Arch (trapped electron}), 7-13
Argus
(See Nuclear detonation;
Artificial radiation belt)
Artificial radiation belt, 5.1, 50,
52, 96 6-1 ff; 7-1 ff; 12-2 ff
Argus, 6-29
Argus 1, 6-14 ff, 18 ff, 21
Argus 11, 6-15, 21, 2¢
Argus ilI, 6.2, 24, 25
Orange, 6-9
Starfish, 4-16, 21, 25, 34 ff;
5.25, 40, 50 ff; 6-36, 39,
43 ff; 9-19, 23
Teak, 6-4, 10 ff
USSR Oct 22, 1962, 6-47 ff
Oct 28, 1962, 6-49 ff
Nov 1, 1962, 6.50 ff

15-1

PRSI PORRI TN WSy P VKB 3, % e

e mbata i




Atmosphere,

2 December 1974

4 . - ‘metric ring current, 1-15

(See Ring current)

25,27, 35, 42, 50, 52, 55 ff, 60
70, 72; 7-7 ff, 12; 9-21; 11-9 ff

Atmospheric cutoff

3-23; 5-1 ff, 18, 21 ff,

Biological systemn, 8-5
Bipolar transistor, 8-3 ff, 13,
20 ff, 34 £f, 44
Bohm diffusion
(See Diffusion)
Boltzman equation, 3-39 {f; 5-31,

Il it
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(See Cutoff)

Atmospheric dynamo, 1-14;2-30;

4-69, 72; 12-1

Atmospheric scattering

(See Scattering, . .)
Atomic radius, 5.3
Aurora, 5-60; 9.6
Auroral particles, 1-.7; 4-75, 80
Auroral zone, 1-6 ff
Azimuthal drift

{See Drift)

-B-

Ballistic trajectory, 7-2 ff
Bandwidth, 8-24; 9-18
Base
(See Bipolar transistor)
Base layer, 8-15 f¢
Base region lifetime, 822
Base transport factor, 8-23
Beamwidth, 9-3, 5, 14 ff, 18
Bessel function, 9-5, 7, 8
Bet- decay, 7-~1f(f, 6, 13, 15,
oo ff
Beta electron; Beta particle;
Fission Beta, 73, 6, 13; 8-5;
9.1; 11-9
(See Fission. . .)
Beta tube, 6-3; 7-13 ff. 14, 1€
(See Magnetit fiux tube)
Binder, 8-36 ff
Biological damage, 10-1
Biological effactivetess (P BC),
10-1

15-2
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71
Boltzman-Vlasov equation, 5-68
{See Boltzman equation)
Born approximation, 8-67
Bounce period/{requency, 3-23,
71 ff; 5-13 ff, 23, 96; 7-13, 27
(See Reflection)
Bounce resonance, 5-58, 60, 69,
94
Boundaries
(See Magnetosphere, Mag-
netopause; Pseudotrapping
region; Trapping limits)
Bound electron, 5-¢ ff, 7 ff, 23
Bow shock, 1-4
Brazilian anomaly
{See South American. . .)
Breakdown, 8-23, 28, 35
Bremsstrahlung, 8-1, 65, 67 ff;
9-1: 10-3; 12-4
Brightness, 9-18, 25, 29
Brightness temperature, 9-19,
21, 26 (¢
Build-up, 4-69
Bulk semiconductor, 8-3, 20 {f
(See Semiconductor)
Buoyancy, 7-3
Butterfly distribution, 6-12

-C-

Cadmium sulfide cell (CdS), 8..17
Canonical conjugate, 3-26 ff
(See Hamilton's equation)
Capacitance, 8.21, 31
Carpenter's knee, 1-17
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Carrier density/lifetime/removal
rate, 8-3,6, 9, 11, 13, 20 ff
(See Majority carrier; Min-
ority carrier)
Cavity r.sonance, 2-35

(See Cadmium sulfide)
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Center-of-mass reference frame
(See Coordinates)
Cerenkov detector, 11-4
(See Detector)
Channel, 8-30 ff
Channel multiplier, 11-4
(See Detector)
Charge density, 3-42
Charge exchange, 5-5 {f, 19, 20;
7-7 ff; 11-30
(See Cross section)
Chorus, 2-36
CIRA model atmosphere, 11-15
(See Atmosphere., . .)

(See Complementary Metal

Oxide Semiconductor)
Coating

(See Optical, . .)
Cold plasma, 5-103, 107

(See Temperature)
Cold plasma dispersion equation,

5.71, 74, 80

(See Dispersion equation)
Collective behavior

(See Plasmas; Collision!
Collector, 8-23 ff

(See Bipolar transistor!
Collision, particle, 3-1 ff, ,8 ff;

5-1 to 27, 69; 7-6

(See Deflection; Cross sec-

tion)
Collision force, 3-3, 40
Collision frequency, 3-42, 45
Color center

(Sce Absorption center)
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Complementary Metal Oxide Semi-
conductor (CMOS), 8-35 ff
Ccmpression
(See Magnetic, . .)
Computer programa, 3-89;
11-35 ff
adiabatic motion, 11-46
angular drift velocity, 11-42
atmospheric densities, 11-39,
42
B, L, 11-30
decay factors for artificial
radiation belts, 11-48
exposure of a satellite to
radiation, 11-42 ff
geomagnetic field, 11-37, 38
high-altitude nuclear effects,
11-35
omnidirection to direction flux
convereion, 3-89
trapped particles in outer mag-
netosphere, 11-40
trapped particles from nuclear
detonations, 11-40
trapped particle shells and
kinematic parameters, 11-39
trapping, 11-41, 44
Computer simulation, 5-83
Conduction electron/hole, 8-10
Conductivity, 3-.41 ff; 7-5; 8-3,
15, 20, 22 ff
(See Resistivity)
Conductivity tensor, 3-43 ff;
5-41, 43
Conjugate region; Conjugate Mir-
rer point, 7-6, 13, 15
Constants of motion, 3-2, 26
Continuity equation, 3-40, 42
Contour plot, flux contour, 7-9,
10; B-57; 9.20
Convection, 1-12, 14 {f, 17;
5-49, 108 ff; 12-3
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Coordinates
asymmetric geomagnetic
field, 2-14 ff
{B,L], 2-19; 3-33 ff
(See l.-parameter)
cartesian, 5-11
center of mass, 5-3, 23
curvilinear
(See Euler potential)
cylindrical, 2-8; 3-7; 5-12
dipole, 2-14
earth centered, 4-60
lenergy, pitch angle], 5-13
(ry l): 2'22
stherical, 2-4; 3.28; 5-47
(velocity, pitch angle], 5-12, 13
wave frame, 5-64
Corotation, 1-13, 15
Cosmic radio noise, 9-21, 23, 26,
28, 32
(See Radio noise)
Cosmic ray, 5-1, 26, 31
(See Albedo neutron)
Cosmic ray star, 5-27
Coulomb collision, 8-8 ff
(See Croca section,
Rutherford)
Cover slide (solar cell), 8-14 ff
CRAND source for protons, 1-11;
4-69; 12-2
Critical mirror peint
(See Cutoff)
Crochet, C-31
Cross-]. diffusion
(See Radial diffusion)
Cross section
Bremsstrahlung, 8-67
capture, 8-10
charge exchange, 5-20; 7.7
collision, 73 ff
displacement, 8-8 {f
emission, 8-10
hard sphere, elastic, 8-8 {f

15-4

Mdller, 5-3
momentum exchange, 7-4
nuclear reaction, 5-20 If
Rutherford, Coulomb, etc.,
5.3; 8-8 ff
secondary production, 5-20
total, 5-31, 32
Crystal, 8-7 ff, 37
(See Lattice)
Current
(See Gain; Saturation)
Current; Current density, 3-17,
41 ff
Curvature, 3-18
(See Drift)
Cusp, 4-53, 63
Cutoff frequency, 8-24
Cutoff pitch angle; Atmospheric
cutoff; Critical mirror point,
3.22 {f, 59 ff; 5-23, 37; 7-10 ff,
14 ff
Cyclotron frequency
(See Gyrofrequency)
Cyclotron radiation
{See Synchrotron)
Cylindrical components
(See Coordinates)

-D-

Damage coefficient, 8-4, 12, 14,
25, 70
Damage equivalent, normally
incident fluence (DENI), 8-4 ff,
17, 70 ff
Debris
(See Radioactive, . .)
Debye length, 3-38; 5-4, 13
Debye sphere, 3-38; 5-13
Decay of artificial radiation belt,
5-1, 84; 6«1, 2
(See Lifetime)
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Argus I, 6-2, 20, 22, 25
Argus II, 6-2, 23, 29
Argus III, 6.2, 24, 25
Orange, 6-2
Starfish, 4-21; 6-2, 39 ff
Teak, 6-2, 10, 12
Deceleration
(See Acceleration)
Declination, 2-2
Defect; Lattice defect; Defect
center, 8-2 ff, 13, 36 ff, 42
(See Imperfection)
Defect cluster, 8-10
Def'ection; Scattering
(See Cross sectinn)
by waves, 5-93 {f
Coulomb; atmosgpheric, 4-21,
66, 69, 75; 5-22 ff
multiple; cumulative, 5-3, 9 ff,
22 ff
neutron, 5-32
Degenerate integral invariant,

3.32, 73, 75 ’
(See Adiabatic invariant,
second)

Degradation, 8-1 ff, 6, 13, 17 ff
Delayed neutron, 11-8
(See Fission, . .)
Delta function; Dirac delta func-
tion, £-80
DENI
(See Damage =quivalent)
Density, 3-«l
{See Distribution function)
Depletion; Depletion regior, 8-31
Depth-Dose, 8-52, 58, 65, 68
Detectors, radiation, 11-1 {f;
6-14, 26
Deuteron, 7-1
Device characteristic, 8-2, 13
Diamagnetism, 3-20, 23, 42; 7-4
Dielectric, 8-7, 34, 35C
Diffused layer, 8-15 ff

2 December 1974

Diffusion, 5-13; 7-5, 28
Bohm, 5-103; 12.2
bounce-resonant, Fermi
acceleration, 5-57 ff, 94
energy, 5-22 ff, 65, 94 ff
neutron, 5-32
pitch angle, 1-10° 5-13 {f,
23 ff, 65 £f, 93 ff
radial; cross-L, 1-11; 4-75;
5-31, 42 ff, 94, 108
Fokker-Planck; velocity space,
5«13 ff
Diffu-ion coefficient, 5-13, 17,
25, 32, 46 ff, 93 {f, 98 ff; 7-28;
8-14, 20
Diffusion equation, =-13 ff, 95
(See Fokker-Flanck)
Diffusion length, 8~15 ff, 20, 23
Diffusion trajectory, 5-65 ff, 95
Digital circuit; Digital device,
8-34
Dilaticn factor
(See Relativity)
Dilution fector, 7-20
Diode, 8-6, 13, 15 {f
Dip angle, 2-2
Dipole magnetic field, 2-1 ff; 3-3,
7 ff, 31, 33, 51 ff; 5-38, 42
46, 56, 57; 9-1, 25
(See Geomagnetic field)
Dipole moment
iSee Magnetic moment)
Directional flux; Specific inten-
sity, 3-26, 91 ff
Dispersion equation, 5-68 ff
Displacement, lattice, 8.7 ff,
36 ff
Distribution function, 3-35 {f, 39;
5-10, 23, 68, 71, 107
Disturbance field; Fluctuation
field, 5-46 f{f
Dopant; Doping, 8-3, 20, 24, 35C
Doppler shift, 5-64
(See Resonance)
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Dose, 8-1, 5, 14, 28 f, 44, 46 ff,
52 ff; 10-1 £f
(See r'luence)
DF2, 5-42 ff
(See Geomagnetic disturb-
ance)
Drain
(See Field effect transistor)
Drain current, 8-29 ff
D-region of ionosphere, 11-30
Drift; Drift velocity, 3-15 ff, 24,
33, 36; 5-46; 7-4, 13
azimuthal, 18 ff; 3-19, 24, 36
(See Gradient-B drift)
curvature, 3-18
ExB, 1«12; 3-.15 {f, 26
generalized, 3-17
graaient-B, 3-18 ff, 43
(See Azimuthal drift)
Drift dilution, 7-17, 21 ff
Drift field solar cell, 8-17
(See Solar cell)
Drift period/frequency; Azimuthal
drift period/frequency; Drift

rate, 3-23 ff, 71 £f; 5-18, 42 tf,

47 ff; 7-12, 17, 19
DS (Ds) magnetic storm compon-
ent, 2-32
(See Geomagnetic., . .)

DST (Dst) magnetic storm compon-

ent, 2-32
(See Geomagnetic. . .)
Dynamical friction, 5-14, 17, 23
(See Fokker~Planck)
Dynamical trajectory, 3-35 ff

-E-

East-west asymmetry, 5-22
Effective damaging energy, 8-71
Eigen-mode; Eigen value, 5-13
Elastic scattering, 8-9

(See Cross section)

15-6

Electric fields
ionospheric, 1-13 {f
magnetospheric, 1-12
Electric potential
(See Potential. . .)
Electrojet
(See Polar. . .)
Electromagnetic wave, 5-61, 98
(See Plasma wave)
Electron-hole pair, 8-7 ff
Electron slot
{See Slot region)
Electron temperature
(See Temperature)
Electron-volt
/See Units)
Electrostatic force, 3-38; 5-3
Electrostatic wave, 5-71, 82, 98
(See Plasma wave)
ELF
(See Extra low frequency)
Emissiou coefficient, 9-18, 22,
25 ff
Emission pattern
(See Radiation pattern;
Synchrotron, . .)
Emissivity; Emittance, 8-3, 36,
42 ff
Emitter
(See Bipolar transistor)
Energy
kinetic, 3-4; 9-2
reat mass, 3-4
total (relativistic), 7-19; Q-5
Energy density, 4-2; 7-5
Energy level; Energy band, 5-2,
10; 8-10, 37
Energy spectrum, 4-60, 6., 75;
5-31; 6-12, 25 ff, 29, 36, 38,
46 7-2, 20, 27; 8-2 ff, 47, 52,
58, 69, 71; 9-21
Energy transfer, 3-40; 5-3
Environment; Radiation environ-
ment, 8-1, 5, 57
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f : ;' Eipitaxial deposition, 8-33 Filters, optical 8-42, 45
y i Equation of motion, 3-2 ff, 5 Finite difference, 5-13
S R Equatorial pitch angle, 9-25 Fireball, 7-2 ff
¢ g Equivalent 1 MeV fluence/flux, First adiabatic invariant
?' A 8-44, 46, 70 ff (See Adiabatic invariant,
E‘k ; . (See Damage equivalent) Magnetic moment)
E } E-region, 11-30 Fission physics, 11-4 ff
- s , (See Ionosphere) alpha particles, 11.8
! Error function, 5-15 beta particles, 8-5, 58 ff, 81;
3 i Euler potential, 3-27 ti; 538 11-9
E } (See Hamiltun's equations) beta spectra, 11-9; 8-58, 65 ff,
= ) Excitation-ionization potential, 76
E’ ‘ i 53, 7L, 19 fragments; products, 6-1, 3,
;‘," i 3 Exosphere, 11-12 ff 29, 46; 7-1,6,9
i Expansion of debris, 7-8 (See Radioactive debris)
E\ i : (See Magnetic compression/ Fluctuation field
D ; expansion) (See Disturbance field)
3 Extra low frequency (ELF), 2-33 Fluence, 8-2 tf, 14 ff, 21, 24 ff,
; Extrinsic semiconductor, 8-3 28, 32, 39 ff, 44 {f, 70 ff
: Fluting instability
; (See Interchany,e instability)
! ol Flux, 3-36 ff
' contours
Fan-out, 3-34, 35C (See Contour plot)
: Faraday cup, 11-4 density
i (See Detector) (See Magnetic field)
! Faraday's Law, 3-24 directional
' (See Maxwell's equations) (See Directional flux)
rermi acceleration, 5-57, 60 magnetic, 3-23, 25, 30 ff
E Fermi potential, 8-31 omnidirectional
FET (See Omnidirectional. . .)
H (See Field effect transistor) Fokker-Planck coefficient, 5-11 ff,
i Ficld, electromagnetic, 5-2 22 £f, 46, 93
' Field effect transistor (FET), 8-3, (See Diffuvsion. . .)
6, 13, 28, 31 {f, 44 Fokker-Planck egnation, 5-10 ff,
Field equations, 3-42 22 ff, 46, 58 ff, 94 I
(See Maxwell's equations) (See Diffusion. . ) ]
Field intensity Forbidden region, 3-8 ff; 5-27 3
(See Magnetic field. . .) (See Trapping. . .)
: Field line, 3-18, 24 ff, 28; 5-35, Fourier analysis; Fourier com- .
! 57, 61; 6-42; 7.5, 6, 9, 16; ponent, 5-47; 9-2 ;o
! 9.3, 16 Free electron, 5-2, 4, 8, 23; PR
! Field line connection, 1-17 8-10 2
i Field strength F-region, 11-30
: (See Magnetic field. . .) (See Ionosphere)
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s_; Frequency spactrum. 9-5, 10, 16 time, 2-14
y ‘ (See Power spectrum) transient variations, 2-29 ff
i\ ] Frozen field. 3-26; 5-41; 7-4, 5 (S5ee Geomagnetic dis-
i {See Field line) turbance)
EP. Geometry; Geometric factor, 8-5
8 Giant pulsations, 2-35
33 -G- Gradient magnetic field, 3-18
73 (See Drift)
: Gain, 8-22 ff, 35, 35C Gravitation; Gravitational force,
. Gamma unit, 2-2 3.1, 3, 18; 5-32; 7-5, 6
! Ga.nma rays, 8-2, 30, 67; 11-8 Green's theorem, 3-30
A (See Fission. . .) Group velocity, 5-78
3 [ Gate, 8-13, 29 ff Growth rate, 5-78
b (See Field effect transistor; (See Wave amplification)
3 Metai oxide semicon=- GSFC field model, 2-18
ol ductor. . .) Guiding center, 3-2, 13, 15 ff,
ko Gate voltage, 8-29 19, 26 ff, 43; 5-22
Gauss normalized Legendre Gyro frequency/period, 2.-33;
functions, 2-18 3.6 ff, 23, 25, 65, 69; 5-16,
Gaussian coefficients, 2-18 1, 64, 68 ff, 92, 98
| Gaussian units, 3-1, 47 Gyro motion, 3.5, 6, 16, 27;
(See Units) 5-62, 63
Geiger counter, 1l1-] Gyro radiation
(See Detector) {See Synchrotron radiation)
Geomagnetic Gyro radius, 3-7, 15, 19; 5-56
activity, 5«25
§ coordinate systems, 2-14 ff
: Zee Coordinates) -H-
T disturbance fluctuation; pulsa-~
| tiorn, 2.2, 33 ff; 542 ff, Hall conductivity, 3-44
! 56 ff, 69, 84 Hamiltornian, 3.26 ff; 5-38
S equator, 9-19 ff tiamilton's equations; Hamilton-
"'q field, 2-1 ff; 3-1, 8, 15, 19 {f, Tacoby theory, 326
o 28, 31, 33, 36; 5-44; 9-14 ff, Hardening, 8-35, 35C ff
i 25 Harmonic number, frequency,
. indices: ak, Ak, ap, K. Kp, 9-5 ff
oy 2-37 ff Harmonic analysis
R latitude, 2-14; 7-9, 10; 9-29 (See Fourier; Spherical
‘\i (See Coordinates) harmonic)
' secular variation, 2-1, 4 Harris and Priester mode!l
D) spherical harmonic expansion, atmosphere, 11-15
- 2.1, 17 ff (See Atmosphere. . .)

stcrm, 2-31ff; 5-1:, 72 ff, 103 Heat capacity; Heat content, 7-3
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Heat transfer, 3-40
Helium ions in ionosphere, 11-30,
32
Heterosphere, 11-9, 12 ff, 15
(See Atmosphere)
Hiss, 2-36
(See Geomagnetic pulsation)
Hole, 8-3, 7, 10, 31
Homosphere, 11-9
(See Atmosphere)
Hot plasma, 5-103, 107
(See Temperature)
Hybrid integrated circuit, 8-33, 35
(See Integrated circuit)
Hydrodynamics, 3-3, 40; 7-6
Hydromagnetic model; Hydromag-
netic equationa, 3-38, 40, 43;
76, 7, 28
(See Plasmza, . .)
Hydromagnetic stability/instability,
5-33, 38 ff
(See Instability)
Hydromagnetic wave, 5-58
(See Plasma wave)
Hydrostatic equation, 5-18

IGRF field model, 2-14
(See Geomagne’ = field)
Imperfection, 8-2
(See Defect)
Impilsive injection, «-/5
Impurity, 8.2, 4, 6, 10 ff, 43
Inclination, field line, 2-2; 3-18;
7-6, 14
Index of refraction
(See Refractive. . .)
Induced current, 5-41
Induced magnetic field; Induction
field, 3-20, 23 ff
(See Diamagnetism)

2 December 1974

Inelastic scattering, 8-9
(See Cross section)

Inhomogeneous field, 3-18, 21, 25

Initial phase of magnetic storm,
¢=31

Iajection, 5-1, 23 ff, 30; 6-36,
43 ff, 48 ff; 7-2, 4 ff, 13 ff,
20 ff, 8-58 {f

Injection efficiency, 8-23

Inncr radiation belt; Lower radia-
tion belt, 4-4 ff; 5-31; 7.2

Instability, 5-35, 37, 58, 76, 80,
82; 7-8, 28

(See Plasma instability)

Insulator, 8-2

Integral invariant

(See Adiabatic invariant,
second)

Integrated circuit, 8-7, 33 {f

Intensity, 3-36 ff

(See Flux)

Interchange instability; Fluting in-
stability; Rayleigh~Taylo> in-
stability, 5-37, 43; 6-46;
7-28

Interplanetary magnetic field,
1-1 ff

Intersatitial atom, 8-2, 43

nterstitial vacancy (I-V), 8-10

Intrinsic carrier, 8«20

Invariants, adiabatic

(See Adiabatic., , .)

Invariant latitude, 2-14, 22

Invariant momentum, 5-76

Invariant surface, 3-13, 31 ff;
5-45

{See Adiabatic invariant)

Ion cyclotron mode; lon cyclotron

wave, 5-74, 103
(See Plasma wave)

Ionization, 5-2, 4; 8-2, 7, 21 ff,

31, 36 {f, 42
(See Fixcitation-ionization)
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e AA Tl st e et e, WS 1D

it o e R A

LSRR




G-I . S AP

2 December 1974

Ionization chamber, 11-3

(See Detector)

Jonized gas, 3-44 ff

(See PPlasma)

lIonosphere, 3-46; 5-41 ff, 71, 96;

9-28 ff; 11-30 ff; 12-1
Ionospheric

currents, l-14

dynamo, 1-14

electric fields, 1-13

layers, 11-30
Islands of electrons, 4-60
Islands of protons, 4-03
Isotope, 7-1, 15

(See Stable. . .)

Isotropic distribution, 7-9
Isotropic flux, 8-47, 52, 57, 70

-J-

Jacchia model atmosphere, 11-15
(See Atmosphere)
Jacobian, 5-10 ff, 39
Jensen and Cain field model, 2-18,
20
(See Geomagnetic field, . .)
Jensen and Whitaker field model,
2-18
(See Geomagnetic field, .)
Jet, radiocactive debris, 6-43; 7.8 {f
JFET
(See Field effect transistor)
J~integral, 2-31 ff
(See Adiabatic invariant,
second)
Junction, 8-14, 20, 22 ff, 28, 31 ff,
44
Junction field effect transistor
(JFET)
(See Field effect tranaistor)

15-10
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l.andau damping, 5-81
I.andau resonance, 5-98
Lattice, 8-2, 6
I.attice displacement
(See Displacement)
Lattice imperfection; Lattice de-
defect, 8-2 ff
(See Defect)
L. currents, 2-30
Leakage current, 8-22, 4, 26 {f
l.eft-handed waves
(See Polariz
Lifetime; Decay tim. , Loss time,
4.21, 25, 75; 5.5, 9, 17, 20,
50, 54, 56, 7-12; 8-57; 105
Lightning storm radio noise, 9-21,
23, 32
(See Radio noise)
Linearized plasma wave theory;
Linear theory, 5-82 ff
Liouville's equation; l.iouville's
theorem, 3-35{f; 5-13, 26, 45,
503 7-13, 17
Lithium drifted solar cell, 8-17
(See Solar cell)
Longitudinal flux variation, 4-69
Loongitudinal invarian:c, 1-10
Longitudinally averaged flux, 4-66
Lorentz factor
(See Relativistic dilation
tactor)
lLorentz force, 3-1
(See Equation of motion)
l.oss cone, 5-13, 28 ff, 87
{See Cutoff)
l.oss time
(See lifetime)
Lower hybrid resonance, 5-98
{See PPlasma wave)
Lower radiation belt
{(See Inner belt)

—
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L-parameter, Mcllwain, 2-12, 17,

| Magnetic meridian, 9-29
4 19; 3-33; 5-44

Magnetic mirror
(See Mirror point; Reflection)
Magnetic moment, 1-9; 2.8; 3-8,
23, 26 ff; 5-57, 60
(See Adiabatic invariant,

L-shell, 3-33 ff; 5-1, 25, 44, 56,

60 ff, 80, 82; 7-6, 13,15, 28;
. 9-21, 24 ff, 29 ff
splitting, 3-33 ff
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3 Lunar daily variation, 2-29 ff first)
§ Lunar day, 2-30 Magnetic potential
"“ ; (See PFPotential)
%é_ : Magnetic pressure, 5-35, 37 {f;
| -M- 7-4, 9, 28
{J ! (See Stress tensor)
e : Magnetic. . Magnetic reflection
4 (See Geuvmagnetic, . .) (See Reflection)
2 Maynetically disturbed day, 2-29 Magnetic shell
g Magnetically quiet day, 2.29 (See L-shell)
. Magnetic bay, 2-33 Magnetic storm

Magnetic bottle, 7-5
(See Mirror puint)
Magnetic Bremsstrahlung
(See Synchrotron)
Magnetic bubble, 7-9
Magnetic compression, 3-.26;
5-45, 57 N
(See Field lines)
hydromagnetic compression,
expansion, T-2, 8
Magnetic energy, 5-35, 71
Magnetic field, 2.1 ff; 3-2 ff,
14 ff, 20 ff, 26
(See Dipole., . .; Geomag-
netic field)
Maguvetic field intensity; Field
strength, 3-42
Magnetic field, interplanetary, l-1
Magnetic fluctuation
(See Geomagnetic fluctuation)
Magnetic flux
(See Flux; Magnetic field in-
tensity)
Magnetic flux density, 9.2
Magnetic flux tube, 5.23, 39
Magnetic force, 3.3

(See Geomagnetic. . .)
Magnetohydrodynamics, 3-41

(See Hydromagnetic model)
Magnetopause, 1-2, 4; 4.54
Magnetosheath, 1-4
Magnetosonic mode, 5-74

(See Plasma wave)
Magnetosphere, 1-1 ff; 5-55, 60,

71 £ff, 78, 98

Magnetosphere model. 1-17
Magnetospheric bound ry, 2-26
Magnetospheric dynamo, 1-14
Magnetospheric electric field, 1-14
Magnetotail, 1-6
Main phase of magnetic storm, 2-31

(See Genmagnetic. . .)
Majority carrier, 8-3, 5ff, 11, 17,

21, 28 ff

Markov process,
Maximum powa2r,

5-10
8-16

Maxwellian distribution, 5-86, 105,
106

Maxwell's equation 3-1, 18, 42
533, 61

Maxwell stress tensor
(See Stress tensor)
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Mcllwain L-parameter
(See L-parameter)
Mead model of geomagnetic field,
226
{Sce Geormagnetic field)
Mean free path; Mean path length,
5«5
Measurement techniques, 111 ff
Mechanical force equation, 3-41;
5«33
Meridian; Meridian plane, 3-9 ff
"tesosphere, 11-13
(See Atmosphere)
Metal insulated semiconductor
(MI1S), 8-13, 28 ff, 34
Metal insulated semiconductor
field effect transistor (MISFET),
8- 28 ff
Metal oxide semiconductor FET
(MOSFET), 8-3,6
Microcircuit, 8.7, 35
Micropulsation, 2-33 {f
{See G2..magnetic. . .)
Microsheet glass, 8-43, 45
Migration, B8-9, 10
Minimum altitude for given (B, L.},

4.66

Minority carrier, 8.3 ff, 11 ff,
14 ff

Mirror altitude, 3-59 ff; 5-18,;
7-12, 13

Mirror latitude, 5-48 {f
Mirror point; Mirrcr field,
3-21 ff, 31 ff; 5.25, 43, 57,
82; 7-9, 12; 9-16, 21
(See Turning point)
Mirror point density, 7-12
MIS
(See Metal insulated semi-
conductor)
Mobility, 8-13, 29
Model atmosphere
(See Atmosphere)

15-12

Mo-el environrnent, 4-4, 16 f{f
Moments of Boltzmann equation,
3.39 ff
Momentum conserva’.on, 3-40
Moumenturn space trajectory
{See Diffusion trajectory)
Monolithic integrated circuit, 8«33
(See Integrated circuit)
Monte Carlo computation, 8-68
MOSFET
(See Metal oxide semi-
conductor FET)

~N-

Net flux, 3-37
(See Flux)
Neutral sheet, 1.6 2-20
Neutrino/Antineutrino, 7-2
Neutron decay, 1-11; 4-21; 5-251f;
7-1 ff
(See Nuclear decay, fisaion)
Neutron diffusion; Neutron trans-
port, 5-32 ff
Neutron half-life, 1-11
Neutror production, 5-27, 28
Nicolet model atmosphere, 11.9,
15 ff
Noise, 8-34
Nonhomogenous field
(See Inhomogeneous fielc)
Non-linear plasma wave, 5-82
n-p junction
(See Junction)
NPN transiator, 8.24 {f
{See Bipolar transistor)
n-region, 8-3, 20 f/
Nuclear col)i-iun; Nuclaare reac-
tion, 5-5, 19 ff
Nuclear decay, 5-25, 33 {¢
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Nuclear detonation; Nuclear ex-
plosion, 5-37, 92; 6-1 ff;
7-1 £f, 7, 12 ff, 28
Argus I, 622
Argus II, 6-2
Orange, 6-1 ff
Startish, 4-69 ff; 5-40; 6-1 ff,
31 ff, 45; 7-8; 9-1, 19;
12-3
Teak, 6-1 ff
USSR, Oct 22,1962, 6-1ff, 47(f
Oct 28,1962, 6-1ff, 47 ff
Nowv i.1962,5-52;6-1ff,
47 {f
Nuclear emulsion, 11-3
Nuclear fission
(See Fission, ., .)
MNucleus, 5-3
Number density, 3-39; 9-19, 21
(See Distribution function)

-O-

Ohm's law, 3-41, 43
Omnidirectional flux, 3-36 ff,
39 ff; 5.32, 37, 55, 80; 7-10,
14 {f, 27 ff, 29: B-4, 59 {f;
9.24
artificial electrons, 6-22 ff,
32, 35, 37, 48, 50
natural electrons, 1-20, 26,
32, 43 ff, 48, 54, 61 {f, 68,
76
protons, 4-5 ff, 17 {ff, 34 ff, 40,
51 £ff, 63, 73
Open field line model, 1«17
(See Magnetosphere)
Optical cvating; Antireflection
coating, 8-42 {{
Optical material, 8-3, 5, 42 ff
Ortical transmission, 8-3, 4. ff
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Orange nuclear detonation
(See Artificial radiation belt;
Nuclear detonation)
Orbit
(See Satellite. . .)
Orbital electron, 5-2, 3, 23
Orbital parameter, 8-2, 4 ff, 15,
17, 44 ff
(See Satellite)
Oscillation
(See Plasma wave)
Quter racdiation zone, 4-29, 31,
34 ff, 43 {f, 49; 5-37, 30; 7-2
Outer trapping region, 5-37

-P-

Particle collision

(See Collision)
Particle detector

(See Detector)
Passivation layer, 8-3, 10, 21 ff,

26

pc

(See Geomagnetic pulsation)
Pearls, 2.35

(See Geomagnetic pulsation)
Penetration; . . ., depth, 7.7 {f
Phase space, 5-19
Phase velocity, 5-64, 79, 81, 104
Phoswich, 112

(See Detector)
fPhotographic system, 8-5

ni
(See Geomagnetic;
Micropulsation)
Pigment, 8-36 ff .
PIN

(See Diode)
Pitch angle core, 5-28 ff
(See l.oss cone)
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Pitch-argle diffusion, 1-10; 5-56
(See Diffusion)
Pitch-angle distribution, 5-71, 85,
Q3
(See Distribution function)
Flanar transistor; Planar
geometry, 8-22 ff
Plasma; lonized gas, 3-3, 26,
39 ff, 4-65; 5-1, 4, 9, 13 ff,
33, 35, 42, 68 ff; 7-4
Plasma current sheet field, 2-28
Plasma density parameter, 5-71 ff,
104
Plasma frequency, 5-70C ff; 9-10
Plasma instability, 5-37, 78, 82,
87
{See Wave amplification)
Plasmapause, 1«17; 5272 ff, 98
Plasma sheet, 1-6; 4-63
Plasmasphere, 1-15, 17; 4.63;
5-108; 11-32
Plasma wave; Plasma oscillation,
3-43; 5.1, 33, %0, 58 ff, 68 ff
p-n junction, 8-7, 14, !5, 19 ff,
26, 30, 33
(See Junction)
PNP transistor, B-26
Polar electroject, 3-46
Polarization (Right and Left),
5-61 ff, 69, 71, 74, 76 {f; 9-3,
18, 26, 32
(See Plasma wave)
Positron, 7-1
Potential
eiectric, 3.29, 29; 5-43
Lienard-Wiechert, 9-2
magnetic, 1.17
St8rmer, 3-9, 11
Power conversion efficiency, 8-42
P_wer spectrum; Power density;
Spectral density, 5-44, 47 ff,
56, 59, 60, 69 ff; 9.2 ff, 31
Poynting vector, 9.1, 3

15-14
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Precipitation, 1-10; 4-75, 80
p~region, 83, 20 {f
Pressure tensor

(See Stress tensor; Mag-

netic pressure)
Probability, 5-10 {f
Probability density, 8-47
Prompt gamma, 11-8

{See Fisgion. . .)
Prompt neutron, 1:-8

(See Fission, . .)
Propagation wave, 5-71, 74, 75
Pseudotrapping, 4-2 ff, 51 ff, 58
Punch-through, 8-23

-Q-

Quasilinear theory, 5-82, 95

=R~

Radial diffusion; Cross.Ll diffu-
sion, 1-11; 5-31, 42, 46 ff,
55 ff, 63, 82; 9-26
Radiacion detactor
(See Detector)
Radijation dose, 10-1 ff
(See Dose)
Radiation measurement techniques,
11-1 ff
Radiation pattern; “mission pat-
tern, 9-3 ff, 12
Radioactive debris, 6-4, 20 43, 46,
49; 7-1 ff, 6 ff, 12 £f, 18
(See Fission . . .)
Radio noise, 9.21, 23
Range, fast particle, 5.5 ff; 7-6,
8; 8-47, 52 {f
Rayleigh-Taylor instabi..t; %37
7-8
(See Interchange. . .
Ray path, 9-24 ff

U P
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RBE
(See Relative biological
effectiveness)
Recoil, 7-3
Recombination; Recombination
center, &-3, 10 ff, 26, 32
Recovery phase of magnetic
storm, 2-31
Rectifier diode, 8220 ff
(See Diode)
Redistribution, 4-69 ff; 5-1
Reduced mass, 5.2
Reflection
(See Mirror point; Turn-
ing point)
magnetic, 3-13, 21 ff; 557
neutron, 7-2
wave, 5-.71, 80, 32
Reflectivity, 8-15, 43 ff, 47
Reflectors, 8-27
Refraction; Refractive index, 8-42
Relative biological effectiveness
(RBE), 10-1
Relativistic dilation factor; Lorentz
factor, 3-4, 28; 5-2, 64 ff, 86;
9.3
(See Relativity)
Relativistic mass, 3-5
Relativity; Relativistic correction,
3-3 {f, 20, 39, 64 ff, 78; 5-4,
64 ff, 75, 86, 92; 9-2 ff
Replenishment, 4-69
Resistivity; Resistance, 3-41; 8-10,
15, 17, 22 ff, 26
(See Conductivity)
Resonance; Resonance condition,
5-58 ff, 64, 68, 75 ff, 96
Rest mass, 9-3
Right-handed wave
(See Polarization)
Ring current, 1-15; 5-98, 103; 12.2
Ruentgen equivalent man (rem), 10-1

2 December 1974

Rutherford cross section
(See Cross eraction)

-S-

Satellite
irradiation, 8-57 ff,
10-4 ff
measurements of artificial ra-
diation, 6-3 £f, 8 ff, 10,
13 £f, 31 {f, 33 ff, 40, 47 ff,
53
protection, 12-3 ff
statistical information, 11-49 ff
system, 8-2, 5, 36 ff, 42 {f,
59, 70 "% 10-1 ff
(See Shieiding)
vulnerability, 10-1 {f
Saturation; Saturation flux, 5-37;
7-9; 8-58; 9-21, 24
(See Trapping limit)
Saturation current/voltage, 8«20 ff,
29
Scale height, 5-18; 7-2 ff, 6
Scattering, 4-21, 66, 69, 75;
5-32; 11-16
(See Deflection)
Scattering angle, 5.3, 23
Scattering center, 8-13
Schmidt function, 2-18
Scintillation counter, 11-2
(See Detector)
Second adiabatic invariant
(See Adiabatic invariant)
Secondary production, 5-20 ff
Second surface mirror
(See Solar reflector)
Self-consistent theory
(See Trapping limit)
Semiconductor, 8-1 ff, 10 ff, 13 ff,
42
Sferica, 2-35
(Sec¢ Geomagnetic pulsation)

71 ff;

15-15
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Shielding, 8-1 {f, 5, 17, 42 {f,
47 ff, 65 ff
Shock curve, 6-d40; 7.2
Shockley-Read analysis, 8-11, 13
Short circuit current, 8-16
Silicon semiconductor, 8-4 ff, 9 ff,
15, 16, 33, 70
Skirt, 4.51
(See PPsevdotrapping; Mag-
netosphere)
Slot; Slot region; Electron slot,
4-3 ff, 31, 34, 39; 5-98

(See Inner radiation belt; Out-

er radiation zone)
Sloughing of fireball debrin, 7.4 ff
Solar
cell, 8-3, 6, 13 ff, 42 7
cuosmic rays, 5.27, 31
flare effect (sfe), 2-31
(CGeomagnetic., . .)
parameter S' (10,7 cm flux),
11-16
particles, 4-80
quiet variation, 2-29
reflector; absorber, 8-36 ff
wind, 1-1 £f; 542, 84 ff
Solid ionization chamber, 11.3
(See Deatector)
Solid state detector, 112
(See Detector)
Source
({See Field effect transistor)
Source function, 7-15
South American anomaly: South
Atlantic anomaly; Brazilian
anomaly, 2-22; 4-66, 69; 5-21;
7-12, 13, 27
Space charge, B-¢2, 24
Specific electrical conductivity,
3-44
(See Conductivity tensor)
Spectral density
(See Power spectrum)

15-16

Spherical harmonic, 2-17; 5-47
Sq currents, 1-14;2-30; 12-1
Stability criterion, 5-38, 40, 45;
7-15
(See Instability)
Stable isotope, 7-1, 3
Stable orbits
(See Trapped orbits)
Star
(See Cosmic ray)
Starfish
(See Nuclear detonation;
Artificial radiation belt)
Steady state flux, 5-20; 727
Stochastic acceleration, 5-44 ff
(See Fokker-Planck)
Stopping pewer, 5-2 {f; 8-8, 47,
70, 76
Sterm
(See Geomagnetic)
Stédrmer angular momentum, 3.8
Stdrmer orbit, 3-7 ff; 5-56
Stormer trapping criterion, 3-15
(See Trapping limit)
Stdrmer unit, 3-8
Stratosphere, 11-3
(See Atmosphere)
Streaming instability, 5-76
(See Instability)
Streaming velocity, 3-39 ff
Strength (of materials), 8-3
Stress tensor; PPressure tensor,
3.40; 533 {f
Strong diffusion, 5-13, 96
Structural imperfection, 8-4
Structure; Structural material,
g8-3
Sudden commencement (SC), 2-31;
3.26; 5-44
(See Magnetic storm)
Sudden impulse (Si), 2-32
Surface charge, 8-31
Surface effect, 8-6, 74, 26, 28,
32
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Surface potential, 8-13

Surface recombination rate, 8-13

Surface state, 8-26

Switching

(See Diode)

Synchroiron emission; Radiation;
Cyclotron radiation; Magnetic
Bremsstrahlung, 9-1 ff

System

{See Satellite)

. -T-

Tail, geomagnetic, 4-58 ff

Tamperature; Electron temper - -
ture, 3.35; 571, 75, 78, 5o,
105 ff; 8-10, 15 ff

Thermal control surface, 8-3, 44

Thermal control, 8.3, 36 f

Thermal fluctuation, 5-4

Thermal plasma

(See Temperature)

Thermal speed; Thermal particle;
Thermalization, 3-¢, 18 ff, 38;
5-9, 17, 76 {f; 7-2

Thermosphere, 11-12 ff

(See Atmosphere)
Thin film integrated circuit, #-33

(See Integrated circuit)
Third adiabatic invariant

(See Adiabatic invaria.it)
Threshold, 8-3, 29, 31, 35D
Total mass velocity, 3-40

(See Streaming velocity)
Transconductance, 8-32
Transistor, 8-21, 25 ff, 44

(See Bipolar. . .; Field

effect. . .; Metal oxide

semiconductor. . .; Metal

insulated semiconductor. . .)

Transition region of magneto-
sphere, 1-4
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Transmission, 8-3
Trapped orbits; Stable orbits,
3-8, 12, 15; 7-1
Trappig, 7-1, 3, 7, 12
{See Injection)
center, 3-8 ff, 15, 33 {f; 4-54 {f;
5-56, 96 ff, 107
efficiency, 6-29, 39; 7-9, 12
fraction, 7-9 ff
limits, 3-8 ff, 15, 33 ff; 4-54 ff;
5.56, 80 ffy 7-26
(See Forbidden regions)
region, 7-10
Triton, 71
Troposphere, 11-13
(See Atmosphere)
Tunnel diode, 8-20 f{f
(See Diode)
Turbopause, 11-9
{See Atmoapheare)
Turbulence, plasma wave, 5-84;
75
Turning point, 3-13 ff, 21 ff, 57
(See Mirror point;
Reflection)

-U-

Ultra~low frequency (ULF), 2.33
ULF
(See Ultra-low frequency)
Ultra~violet (UV) radiation, 8-3%,
43, 45
Units
cgs Gaussian, 3-1, 47 ff; 5.61
electromagnetic (emu), 3-17,
41, 44, 47 ff; 5-61
electron volt, 3-4 ff, 20
US standard atmosphere, 11-9, 15
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V-

Vacancy, 8-2, 10
(See Interstitial)
Velocity space, 5=-13, 65 ff
Velocity space trajectory
\See Diffusion trajectory)
Very-high frequency (VHF), 9-2,
14
VHF
{See Very-high frequency)
Very-low frequency (VLF), 2-35;
5-96 ff, 107
VLF
(See Very-low frequency)
Voltage at maximum power, 8-16
Vulnerability
(See Satellite . .,

-W-

Wave
(See Plasnia wave)
absorption, 5-68, 81
(See Wave amplification)
amplification, >-68, 78, 80 ff,
92, 96, 103
growth, 5-78
(See Wave amplificaticn)
particle interaction
(Sea Plasina wave)
power spectrum
{(Sees Power spectrum)
reflection, 5-96 ff
turbulence, 5-103
Weak diffusion, 5-96
Whistler mode; Whistler wave,
2-3%; 5-74, 76, 87, 94, 105 {f
Williams and Mead field model,
2.28
(See Geomagnetic. . .)
Wings of radiation intensity, 6-29

15-18

X~

X-rays, 8-30, 67

-Y-

Yield, beta yield; Detonation
energy, 6-2; 7-6 ff

-Z-

Zener diode, 8-20 ff
(See Diode)
Zenith distance, 9-25 ff, 31
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'N: A, C. Atken
Department of Commorce
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University of Colorado
Office of Research Services
TUIN: Charles A, Barth, LASP
Jellrey AL Poaree
A. Phelps
ATIEN: C. Lineberger
ATTN: E. C. Beaty

The Trustees ol Columbia University
ATTN: Richard N, Zare
ATTN: Security Officer, H, M. Follen

Comsat Laboratories
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University of Denver
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Extranuciear Laboratories, Inc,
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General Research Cornoration
ATTN: Jdohn lse, Jdr,

General Rescarch Corporation
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HSS, Inc.
AITIN: M. Schuler
ATTN: D). Hansen
ATTN: H. Stewart

1B Corporation
ATTN: Danicl ¢, Sullivan

T Research stitute
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Lockheed Missiles & Space Company, Inc.
ATTN: J. H. Hockenberry, D/60-01
ATTN: J. T. Hart, Jr., D/61-03
ATTN: W. P. Minmaugh, D/69-50
ATTN: R. D. Moffat, D/81-01
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ATTN: E. E. Crowther, D/60-01
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ATTN: A, D. Anderson, 1/62-12
ATTN: J. B, Reagan, D/62-12
ATTN: R, A, Breuch, D/52-21
ATTN: L. L. Newkivk, D/62-21
ATTN: John B, Cladis, D/52-12
ATTN: Martin Walt, N/52+10

M. LT, Lincoln Laboratory
ATTN: James . Pannell, L-2448
ATTN: W. E. Morrow

Muxwell Laboratories, Inc,
AT'UN: Victor Fargo

MeDonnell Douglas Corporation
AT'IN: A, D. Gowldeke
ATTN: O, K. Moe
ATTN: W, Olaen

University of Minnesota
ATTN: 1. R, Winkler

Mission Research Corporation
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‘The Mitre Corporation
ATTN: B. Troutman
ATTN: R. Greeley
ATTN: P. Grant
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Mount Auburn Research Associates
A’I'I'N: Sheldon Kabales

National Academy of Scionces
ATITN: Edward P. Dyer
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ATTN: John R. Sievers
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ATTN: Irving L Kofsky

Physicul Dynamics, Inc,
ATTN: K, Watson
ATTN: Josoph Workman
ATTN: A, Thompson

Phrsical Sctences, Ine,
ATTN: R, L. Tevior
ATTN: K. Wray

University of Pittsburgh of the
Commonwaealth Systems of Higher Education
ATTN: Frodorick Kaufman
ATTN: M. Biondi

R & D Assoclatos
ATEN: William J. Karzas
ATTN: Robert E. Lelevier
ATTN: William R, Graham, Jr,
ATTN: Forest Gllmore
ATTN: R, P, Turco
ATTIN: H. A, Ory
ATTN: R, G, Lindgren
ATTN: A, Lotters

R & D Associates
ATIN: J. Rosengren
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ATIN: H. Mitchall

The Rand Corporation
ATTN: Cullon Crain
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Rice Univorsity
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ATTN: Ronald F. Stebbings
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ATIN: R, A, Helliwoll
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